





















































































Riemann Surfaces Theta functions
There are differentwaysofthinking about a RS depending on context use

In this course RiemannSurface will
imply compact

and smooth

At its core it is a 2 dim real orientedmanifold hence orientable

Examples

Ngncompact compact
R o

q.y.HR x4y z 13
D Zee 17141

Toms

1H nee 3mn70
5 52

Assuming that the notion of manifold set a atlasofcharts is known then

Def A R.S is a 2 dim manifold with a setofcharts such that in each intersection
Z 9g w U iW

wa Uag tippy
holomorphic

is holomorphic
























































































Practice A R 2 am mad often i
a local holomorphic complexcoordinate tothe neighbourhoodof everypoint

Z V C

so that the rule is consistent in each overlap consistent as above

Exampleadat't
On 6 we can cover all with the tautological

but nothing prevents us fromchoosing a different local coordinate

TheRiemannsphere Gu 0 P
Two opencharts V0 PT 0

on Vo we
nsÉÉ Éologically on Ux we use W such that

W Z
2

on the overlap and so to 0

thispoint the Zule is that in
any

nbd we can choose any holomorphicfunction f of arm

as long as

Y 0 Y is invertible wheredefined with holomorphic inverse
























































































Lesson His enough to define a consistent choice of
finitelymany opencharts coordinates

Example Weierstrass

3f f Dce C is holomorphic then OED

Rg z w W f z for some analytic
continuation offfrom to

In this case the local coordinate is givenby Z ICP
projectiononto first factor

Example
Real sectionC z g EC y Z e 2 E 2 3 R gizer

but it is notalwaysthebest if eje.IR
Wecesthinkof it as the Weierstrass

R.S.of.EEej youneedtospecify branches e
branch cuts ZER

Local coordinates
























































































Near Eg 0 we have verticaltangent we cannot use 2 for coordinate
standard choice is to usey or 5 155 e g

Check y Efes
2 fte

y T.EE 5E3 is analytic for5 0

Example planealgebraic curves Recurringexample
Given a polynomial Czy O

C Caylee Iag 0

more generally one can have 2 g w EC

If etc completeintersections

Med Cis smooth if
0 Note

the

Ey zig 0 has no
singularities

Icty 0 solutions thesimplestis the
o o

mod.IEeocalyz2
y2 0
























































































f Cis smooth in thengbdofanylzoiy.EC we have either Iz 0 or I 0 Corbeth

A local coard is

5 2 20 if Fy 20 gl 0a5 y yo ifIzCZoiyo 0 orany415 hg 9f
c

Exane P y
2 e 2 g Z ez 0

Iy 2y Iz_
near Koryo e 0 we must use y_yo y becauseIy toy 0

Exercise show that if life for it then
29 1 Hyperelliptic

y I Z ee is smooth curve

Exercise Findvaluesof a forwhich thiscurve is notsmooth

3 azy
41 0

I y aZ Iz ay fay
3y a y 0 y g a 0

195 9 0 2 0 not

y a 2 03 of a 1 0

DIDHe 9 0 2 0 0 2 0 no problem
























































































Compatifications
For plane alg cures we need to add points at no

usually more than one to sometimes complete to a smooth

alg cure There is a procedure to know how

many
such pts Brieskorn pay

370 Sf

based on Newton polygon put a dot in k e 22
where there is a

P Q 2y if
L

nonzero coff of

Eye in I z Y

Here we only point out that this algorithm exists

Example ofcompactification The same as

ooo

y 12g
Z distinctroots one point embedding in IP

only for ellipticlocal coordinate 5

E
























































































y 12,212 distinctroots 2,0 two points
local coordinate 5 IF Not the same

as

why twopoints Becausethereis a function that separates them embedding in

ep

gg
1 depending onthesheets of Wi

o o o o

Meromorphic functions maps
Let C be a R S afunction f is holomorphic on C
if whenwrittenin a local coordinate hence inany loc coord is

a holomorphic 37 is meromorphic if the only singularities are
poles of finite order

1Def ordjpiIK.EE where
ksoifpeeisazerodaderkkkoifpeeisep.de

order 1kt

HDI A divisor is final writing D fee kilt
with k ER and finitelymany kp 0 i degD Ek EK

he
























































































Def The divisor definition f is dir f E and t p

Ex E yEIzgnkB.VE
2 has 2 Zeke 0515 if 10 0

1 double poleat a 2 I
52 localcoordinate

the dir 2 9 Q 26
o o o o o o

Let E In be two R.S
of 2 dimmflds

HDed A
map Y C Q vis holomorphic if it is represented

by a holomorphicfunctionwhen represented in a local
coord near pote got

Ha
t.imiiiidp.iIofreisapt.p.ees.t inaeoaeoad

2 p it 2 po 0 and wat got Q

w y EPD c 25 1 1 061 GO b 1
a.k.a critical value

Y po is called branchpoint b by a isthe ramification
number

Ex C E Q

W I Z criticalpts arewhere I z 0
Wh Vals IG Wj Plz7 0
























































































iiiii.in
Def the sheeteber or degree of 4 e Q is the number ofpreimagesof a generic qeQ

Ny 7 9 generically

ingeneral we need to count thepreimages with multiplicity and the formula becomes

My Ʃ
pep.gg

4 1 Note it does not depend on qeQ
Ex W In Z has degree n WE Q

there are n roots countedwithmultipylit of
the equation I 7 Wo

Anymeromorphicfunction on C can be viewed as a Ex when at.PE fI map to the P'where poles are mapped to a roleof a
Polesof orderk 2 are ramification ptsof b k 1 meron function

is a ramificatiosimplepoles are not ram pts point
























































































Exercise e y 2121747130
a

Y 1231421 as a map E B see remark

Find 4 0 ramificationnumber pay 0

degreeofthe map
o o o o o

Triangulations and Euler characteristic
Let S be a surface oriented we do not care aboutcomplex structure

An embeddedgraph G is a collectionof verticesVI a pn
connectedby edges E s t eachedgeis a smoothsimple arc e connecting
twer vertices possibly the same and mutually non intersecting
The faces IF are the connectedcomponents of C G
A graphG defines a cellularization if each face felt is simplycomected

oldefk.tk E IE F IF can bedefined for R S with holes as well zfzg

L X E V E F isthe Euler characteristic

it does not depend on the cellularization an exampleof indextheorem
























































































Examples Did
V1 E 1 F I

1
V3 E 3 F 1

Tons v1 E 2 F I

2 0

V2 E 3 F 1
Annulus of

2 3 1 0

Sphere

gg
3E 3 F

2CorpekyhedraIP 2

tetrahedron

V1
Peanut E 4

E a

2
























































































Trident V 1 E 6 F 1

1 4

Fact the Euler char is a topological invariant if C and I admit a continuous bijection
then they have the same X Exercise notentirelyfair

o o o o

Skip
new e

y.EE 5sffTistseaion layer is sustenance

Exercise C P birationally
Solution this is themap in termsof affinecoordinate EPI

2 E
y t

the inner map is t Etting qq.itE Z iy

P E
Z Y

Let S C E C i.e S C 1 anddefine

sic f
sic

com

0 92m resin s
























































































Namely
S sin v and C case vee

sinus Cosas I uniformization with VE mad at

SC is not single valued analyticcontinuation around act

greenvsorangecontours Cauchyresidue S
theorem

5,0 S c 2
eplane

o o o o o

Elliptic curves skip
C y 1362

a or É y
I u 7.0

It is possible to biholomorphicallymap
E to somethingoftheform e

seenotes Up to some arbitrary choices we can always
cast them in Weierstrass form

7 4 X g
X
g 4 X e X e x es

e test e 0

Question can we find sin cos for elliptic curves

Answer Yes but now there is a doubleperiodicity

f of Weierstrass P
suetigg g.seTheinversefunction Plus
























































































PW Ʃ
ce.kz eo.o

LCIEkw 2 25
where we f we fly

us
einey is iE

functionof r with doublepoles at
theverticesofthe lattice 2W I 20,7L

v plane 20 P 2W P Vt 202 P r

exercise
a

2W
Doublyperdic

Def Any mero holofmorphicfunction for
with this doubleperiodicity is called elliptic

Prop 8 4 PCPg Pa g Y 4 39 9
with 92

60
go Caetano 9 canaettakw.IEis diffeomorphicto theparallelogram with identifiedopposite

s i e a torus
























































































Topology and differential calculus

Theorems any compact oriented surface is diffeomorphic to

a spherewith handles the genus of the surfaceis the number

of handles Thesphere has genus 0

A Remark Thegenus is another topological
invariant

Def The fundamentalgroup Is C to

ofa R S E with basepoint p.EC is

genus3
the group whose elements are

surface
equivalence classes of contours starting

and ending at po with the equivalencegiven by homotopy
and
groupmultiplication given by concatenationcontinuous

8 0 1 E 807 8 1 p y 0,17C 26 24 Po
concatenation

8 2 0113C defined yoga 2
t te 0

o
812 1 te I
























































































continuous

JF E 0 8 t

of 8 if F 0.1 0,13 C sit

Homotopy
Flt 1 8C
Flo s Po
FCs s Po

a Theidentityofthegroupis theclassof loops contractible topo

T.se es0
o o

Is
a closed compact R S

ofgenusof
the
group

is generated by 29 generators
221Pa Pai 2g Pg subject to a single fundamental relation

2 β.it 2aPa2iBi 2gPg2jPj id

Any elementofthegroup is expressible as a noncommutativeword in these 2g letters and inverses

Torus genus 174m
every closed loopis
contractible D ITCIPPo id

2p2p id 2β β2

if
It is a commutativegroup
on twogenerators
























































































Bitors g 2 and higher
Followingthegenerators
and keeping them on egroup isnot
the left we come
back to the start commutative
point without inter Secting
them

Wetracethe boundaryof the
canonical dissection alongthe chosengenerators

given a canonical setofgenerators the
És ction of e along their representatives gives a simply
connected domain called fundamental polygon
It is a domain bounded byKg sides eachofthe 2g
generators intraversed twice in opposite directions

BII
24

p.io
i

ps np
Pits

2
Ip p
























































































Intersection number
Given 8,22 we can choose representatives such that all intersections

are transversal

The intersection number 8oz f 2 is the count of all
intersection points with 2 if the tangents form trely oriented
frame 1 otherwise

Property i
8oz 2.8 EZ

ii 8oz does not depend on the choice of representatives
iii 8 2 9 8.2 8g

concatenation
























































































Homologygroupe first homologygroup

It is the formalization of contourdeformation in all

computations involving Cauchy's theorem

Abelianization
Lazyay HIM ff.it t.k.p.Deft

Semi formaldefinitions
Def A multi curve is a unionof closed oriented cures

fe Two multi caves 8 8 are homologous if thereis
a subregion D C such that the boundary consist of
Joy where means the multi curve 8withtheopposite

orientation This is an equivalencerelation exercise

Dd The first homologygroup H C Z is thefree abeliangroup
spannedCover72 by homologyclassesofclosed curves

ᵈP

f f
In the sumoftwosingleloops and
is homologousto 8 Note that 8 is also trivial

g bounds
a region homologically

trivial
























































































The intersection number is also well defined as aF
einear skewsymmetricpairing in Hs C TL

if Cis w o boundary compact
It is nondegenerate i e if 8.2 0 z eHs C 2
then 0 homologousto the null contour

The dimension rank of HalC 2 is 120J as for

always canonical
We can choose a symplectic basis molymany infact

B 21 Ag Dz bg an a b ba
suchthat

a

0g 19Or biob O

a obj Si bj.ae Igg 0g
One can choose infinitelymany symplecticbases

Def A Torellimarking isthechoiceof a symplecticbasis in H C Z

Typical picture
























































































Example recurringexample
Hyperelliptic surface E y FITZ e u 4,0

on
a as

Formula For
any

contour 8 EH C 2 we can

decompose it on a given basis

mja nib m Job
n 8 a

Exercise Decompose inthe abovebasis

i
a as
























































































Differential Integralcalculus
In 2 dim in local real coordinates x y a differential form with complex values is

edeAkigldx BQ.de ez xtiy

Rewrite co f E dz g 2 E de with

g Az iBz

Under changeofholomorphiccoordinate w WCZ we have

If ft
with f f In ig g.IE

Dolbeault decomposition

End Oil part

Def A form w is closed if dw 0 exteriorderivative

namely 1313771 or equivalently 2 5 2

6 where

2 I are the Wirtinger operators 12 2x i 2 f 2 8
Remarks If w isotype 1.0 ie we fdz then w isclosed T 3 0

W oftype 0,1 is closed g is antiholomorphic i e fisholomorphic
inany localcoard
























































































smooth

Def A form w is exact if thereis a
globallydefinedfunction

F CAC such that dF ff.dz 2 dE

Remarks Exact Closed closed_ Exact

Pseudo Example 5 0,2T withperiodic.be

a differential w folde is always closed but it is exactoff fÉod0 0

compact Exact
Exercise On a closedI S there are no nontrivial holomorphic differentials

Proof w holomorphic exact w df and f is holomorphic global
function Since Ref is harmonicbythe max principle itcannothave local

max or min constant w df 0

Def A twoform 2 f 2E deade sit underchangeofcoordinate

z Fdwrdw̅ with f f 112
DefthefirstDerhamcohomologygroup is the vectorspace of Z rectspace ofsmoothcloseddifferentials

quotientedby the subspaceof exactdiffrent.at End Isthecture


