





















































































2 spaceofsmoothcomplex valuedfunctions dffifke.ieact

HI e 22 Ef.isHirRemark

3nhigherdimension one considers H M 6 2
1

with

vspaceof smooth k 2 forms
o o o o o o

Integration spaces in duality
Mantre we can integrate a one form differential

along a curve The result is independentofthe coordinate

a If w is closed the result is independentofthepath
oreprecis.ly

3f W EEZ closed one form andPP E megaton in homology then

Sgw is independentofthe homology class

I e if 8 I w Thus f W Hele2 welldefined

fw
























































































8

tj g If 20 8 8 avicenna if
StokesiGreenintegrationformula dw So w 420

Since dW O Q E D

o o o o

Fundamentalcrollary Poincaréduality

The pairing f H C 2 Hk C e is well defined nondegenerate

Proof of w̅ Wtdf for a smoothfunction f then
w̅ f 0 bythe fundamental

themofcalc since
is composedof closedloops

Nondegeneracy 3f 0 for all closedloops w is exact

namely 0 0 in Hr be on off f

o o o
























































































The Riemann Bilinear Identity
For
any cycle ye

H C Z and we Hfr we call for theperiodofalong8
Preparation given two closed forms co f dz gdz 2 h dz k dE
their wedgeproduct way f k g h dzadE A dandy 3 29 etc

is a volume area form 2 form and we can integrate on the surface

Theorems let 2s 2g β Pg becomes in it_ Epo so that

2 β 2p 2,1325 id

Let w
z
Hdr or somerepresentative

Let I denotethe canonical dissection simplyconnected ofC along them
Then Riemann Bilinear Identity

ssewne.EE 8p f f
Proof if

i
β β
























































































forz f way L is simplyconnected so w IF for some smooth function
p

I along apath thatdoes not cross any 2 βF p 0

example onfigure
ÉÉEsoe
If pe 2 we can reach it from the left Pt orfrom the right P

PI

B2 β

A
F E F p Sp Flp w

β
Similarly

note oppositesign p c β Flp Flp w

New way d F z is exact on not

Henceby Stokes Greentheorem

2012 FZ ftp.d.za.lt
p
flp yG fFlpzip fFp z p t

w 2L 2 2 β

WIFE.ba
ffIfffzcn ftp 8 t eeaao

Bingo
























































































o o o o o o

Consequence

Let w f 2 dz be a holomorphic henceclosed differential

We denote w̅ Fdi antiholomorphic also closed

Apply RBI to w w
2 0 set A B

June a 3 E a
Ontheother hand we w̅ 12PdzndE 2 5 2Pandy

Therefore
3m A B 0 for any holomorphi

w

The equality can hold iff If 0 inallcoordinatecharts

All 2 periods or all β periods4 4815 rphic differential are zero off a 0

All periods 2 β are zeal iff w 0

imaginary
























































































Mero Itolfmorphic differentials
Facts i e theorems

Theorems
For
any RSofgenus g

there are g linearly independent holomorphic differentials

t.is a tit a

We Wg such that
cog 8

j
i i s

_of
a

Exercise The matrix Aje e is invertible why RBI Then

define w Ikj2n

Any meromorphic differential 2 can be a normalized uniquely

by adding a lin combo of Wj's so that

8,2 0 kj s.iq

O G of there BY a diff
























































































Given anypairofpoints 9 there is a B kind deff

sqq P
search that

429,9
1

30Forany potattiocal card Z such that 2 po 0 there is

a 2ⁿᵈkind differential 52,6 such that it has only
a pole at p of

order 4 1 and expansionof theform
e 2

0 1 dz 2 2p p p

The fundamental bidifferential Bergman

Take 22 p withpole at gand
a normalized t

247
22,1204

247

8 2 0
Exerciser

The result doesdepend on choichieof local card if 2 w G
dgffgf.mg
























































































This suggests promotethe go dependence to differential

Def B pig isthe urine bi differential i e differentialwantboth p q suchtha

dir B p q t 2 q has a doublepole at p q

B pig appt 5,9 06217 219 deepdzq

B p q 0 j s
g

a normalized

pea
B p q Blg p symmetry

Propertied B pig at W g RBI
Exercise

peby
The regular term in the diagonal expansion is the Bergmanprojectiveconnection

Under changeof coord
























































































2 3 P W 519
R pig ftp.tt w0c2 w dzdw sacral cord

Bergmanprojective ihect.eu i.e.stressenergytensorinc iCFT

Spfff SBlw w̅
schwarzianderivative

in CE it ca

Anyother Rule is obtained from B as follows
choose

go and pointed local coordinate 5 21 6 1 90 0

C KThe
men qq.gg

B pig

Ex In local ceords 16 folds yes ftp.Idfds
Use Cauchy's residueformulato seethesingular
behavior check a periods
























































































There is an explicit formula forB in terms of functions
later

o o o

Mero holomorphic differentials
Def similar to the case of functions

dir W If audit p
o o

Given a polepoof w and a small loop res w II w

he value of residue does notdepend on the choiceof coordinateused to compute it

Prof 31 7 is any meromorphicdifferential Σ
p peep s2

0

Proof
By stakesGreen t

If d Σ i 2 01
E disks
























































































Normalized holomorphicdifferentials
Let C beef genusof 21 2g.pe βg atgellimarkine

Dd henormalized basis of holomorphicdifferentials Ws Wg such that

2,9k Sir

Notabene For any basis 22 2g the matrix Ai 2 isinvertible

Exercise Then fig f
Theorem Riemann Define the matrixof normalized βperiod as I j Wj
Then Tej Iii Bi

Im 0 positivedefinite

Proof All consequenceof RBI applied to Wi Wi
Since win w 0 why dandz 0

a Kiwi 8 Efi Iii Iii

Sie sie
























































































Let w Σ gWj C EC
Sei Lek

The 02 fwiw Σ a 8 8 infeforee.si Pee Be

I t.EC ct c ct Imt c trad

o o o o

Maybe ReciprocityTheorems relateβperiodtoresidues
suppose2hasasinglepole atpooforderkt withsingularpart

I 04 dz K 1,2
et 2 w bemeromorphicdifferentials withatleastone w ofsecondkindci.e.noresidues

conveniencenormalizationI bethecanonicaldissection Let FSin it is a sized mesomorphicfunctionon Specialcase I
p
n zeps24 c

orintegrate F2 along adaseCandy them

Ifftp.ifiif proof becauseanomalization

Ei 2 infstfZ poasoffender Effie ai ask
2

Special cases of interest specialcase II Rpp the 2 normalized3ʳ kdind differential
Ameromorphicdifferentialy on a

Torellimarked R.S.iscalled D normalizedifI
2,2

0 j s g
ftp pp 2tifE0j pathnotcrossingthemarking2β's
























































































o o o o

some concreteexample Plane curves

A plane curve is the locus in E
F z W Σ ai 2in 0

Assume regular i e E E E 0 has no solutions

Newton'spolygon N Conexttull i cz a o From this we can read off
of pts at 2 0 w 00

Etop togetherwith local coord

12gal of bolomorphicdiffs

w 129 2 2
19 39

poise in z
00

x at 2

w Z w 7 0 0 we Taylorin É
9 3

w Z 2 7 0

he ofpts at x is of sides facing right Puiseuxseries in 2 where k is

the drop of the side
























































































Rule Thedifferentials we p zi
ff.dz Zfff'd

are holomorphic i in the interior of N

Notabene on FLZu 0 we have Fzdz Fwdw
hencethe.hn

o o o o

The next 2 slides are FYI

about the Riemann Rock theorem will not

be covered in class An important consequence is

Fact if f is a meromorphic function then digKirk 0

if w is
any meromorphic

or holomorphic differential then

deg dir w 29 2

Exercise For f 129 212 compacting.es verify forz hf
e g 1 holomorphicdifferential

1
























































































FYI but skip in class
RiemannRoch

Thedivisorofa meromorphicfunction iscalledprincipal Def R D f fmeromorphicsuchthatdivf D
PropEveryprincipaldivisorhaszerodegree D w merahdiff suchthatdivw D
Proof S b Pseasides D dimRCD ICD dim D

Bytheargumentprinciple yᵈf totalzerosfetalpoles dugoff Prop If D isprincipal linearequivalence then
OTOH 0 becausetheintegraltraverseseach2β'stwiceinoppositedirectionsand a D 2 8
oftakessamevalueson bagualsBad Proof If diff D 8 fokeRCD then ERD

westionwhatabouttheconverse and geR8 then g fERID Fo

Ex1903 D 2 22 Zn p Pw Examples of D 0 2187 1 onlyconstants

arbitrarydivisorofdegree0 Ptspossiblyrepeatedforsimplicityall a I D Of allhfferentials
then the ffff.fi deesthetriek

R ht
I o garageIngenusgzs.IMWe'llseethatnotalldivisorsofdegree0areprincipal

Theptsofthedivisormustsatisfy ofextraconditions Note Theproofisnotdifficultandboilsdowntothe nullity rank
DefPartialorderGivenTwodivisors D eKpp DEek p theorem Seenotes
we say DZI is kp k Fp

PropTheholomorphic 1 2 differential areavectorspaceofdimension39 3 932
etwbeangmexmap fE.ee f gdivcws

Watybother In a more indepthcourse wecouldstudythemodulist dirw is a divisorclass modularlinearequivalence independentofW Indeed

0,2are meroholemorphic differentials then for is mesomorphicfunction Spaceof smoothgenusg compact RiemannSurfaces
Crog w 21,4 f f Mg C smooth.cat genuse g

ñ h ᵈ ggof fin Igg ff
where n istheequivalencerelation ene y C E
holomorphic y É C alsoholomorphic

Wecall thisclassthecanonical divisor class K
Fact dimMy 3g3 g 2 dimMe 1

hen Prop degK 2g 2 If D divw wholomorphic then

1D g and R1D C 1Eg 5ha Answer H Ke rectspaceofholomorphicquadraticdifferentials is
so g itD degD g 2 degk9 2 isomorphic Beltrami to thecotangentspaceofMg

Let l 1,2 A bdifferential is co fadze fewduewith at C cMy
Fw flz f sectionofthel thpowerofthecanonicallinebundle 2
























































































8TTTI itivedivisors 3 D is a subspaceofholomorphic differentials
andhence i D g
Ingeneral if D A Pe 3 D consistsof
hal diffs that vanish at PE p pk so that generically
these are K linearlyindependentconstraints Thus

i D g k and

3 1D g k gtitk 1 if keg
unlessD is special i e theconstraintsare dependent

Forexample if D a t.it pg distinctpointsforsimplicity

then the ICD isthe coral ofthematrix

ay

evaluatingw'sianyeocaec.ua
doesnotaffectthezank Exercise

Generically detD 0 andhence 3 D 0 i D 0

3f D isspecial ofdegreeg then i D 0



Abel map
PI

224 2

B2 β
Patio

2 21

a Torelli marking 2 2gBe PgF
Normalized basis wa Wg si Si

B periodmatrix Ñi
p

Iji
emannTheorem

Def The Abel map withbasepointp is

A p
ftp efqme center ofintegrationfor all components

Properties Forbrevity we denote pt theanalyticcontinuation

along a contour 8 Here whatmatters is notthe homotopy but

the heologyclass of8 so we can write A p 8



A p 2 Alp
A ptp A p E e

game egg an

es

A p 8 A p m I ñ ñ ñe28
o o

Jacobiancariety I Ie 6
294 27

i e modulo the equiv 2el

I E to Z E Mitt I forsome in ñeK

IT C is a g dimensional complex torus 2g dim real torus

The Abel map is well defined as a map A C JCC
For
any divisor D Σ kilp wk c 2 we extendthedefinition

A D Σ k Alp 2k 5 1



FYI but skip in class Abel JacobiTheorems

MainTheorems Abel Jacobi Jacobitheorems
Theorems Abel
suppose D D D is adivisorofdegreezero Dthepositivepart o Forany e ETC

thereis D positivedivisorofdegreeg

Then D isprincipal i ethedivisorofzerospeeesofe.me moipenEfP n suchthat I Ap D
iff A D D c JIE or equivalently In otherwords themapfromthesetof redivisors

ofdegreeg
A Dg is surjective

7m R.CI sit A D me I ñ
Themapis injective on the non specialdivisersDgRemarkthesearethegconditionswementionedearlier ofdegreeg i e I gRemarktheproofisactuallyconstructive seenotes

Remarks Observethecontrastwiththecaseof IP wherethere
Remark on some aspectsofproof

are g 0 conditions i.e anydegreezerodivisorisprincipal 3fDj f Pg Distinctforsimplicity ThentheJacobianmatrixof
Abelmap is

The setof zero degreedivisorsis an AbeliangroupMThe
principaldivisorsare a subgroup and then wecan thinkabstractly Dg A p A p dA Df

Thendetldst 0 exactly if i Dj O gp cogfICE Degreezerodivisors Principaldivisers
seecommentsendfied no

8
0

thankstoAbel'stheorem Abelianvariety ie a
varietywithAbeliangroupstructure



Use of functions
They are used to construct canonical objects

Cauchy kernels to solve boundary value problems
wrong name

Fundamental bidifferential a.k.a Bergman kernel
Chekhov Eynard Orantin topological recursion

Projective connections a.k.a opers BPS states

Szegs kernels det of 25 operators

functions satisfy many functional identities almost all of which
reducible to Eay

Identitiest
I h I



functions with characteristics
GeneralizationofJacobi's elliptic 0g For ñ he 2 one looks at the halfperiods

E m Δ Aim E t.ME

Id E exploit fmit.in I'm ñ n zeΔ

Property C z e g z

Thus we split the halfperiods into even odd depending on theparity of ñom

Example genus JCC Baez 3m20

5 1 If Δ Eg.tt e be 0,1 then

9 A Σ
NEZ

P 27in
g

g L s E 9.5

Note For Δ an odd haff period we necessarilyhave Q 0 Δ cdiv



Mumford
Thereexists an odd nonsingularhalfperied namely Δ Is I.ME
ñ m e 0,1 Rome 22 1 odd such that

gradient A

Fay identities
Let Pa Pn 92 qn.EC Let e JCC dir O

then

etf.LI ffi
It 1 and A Email e

e

MI 9H Pi A19
for N 3 Fay trisecant id

Remarks
Thisis a highergenusgeneralizationof Cauchy's determinental identity

at ftp.IIf



Examples exercises
In genusg

1 Thereis
only one

odd characteristic 1 I Jacobi z

Then Fay identities read K e s et mod t

N

det K vi s 1 IQ t Qcsi sd

ffeis

y O ri s

tow to prove it
Both sides are antisymmetric in exchanges si S or Y V study
as functionof

a Both sides have zeros when Va 12 vn poleswhen Ye Ss Sn

a Both sides havethe same quasiperiodicity under shifts kN K I

Y Y T

s
must be elliptic and can have at most 1 pole R R constant

a By coalescence figure out constant 1



More about Δ's a.k.a 2 torsionpointsof JCC
The halfperiods of JJ C are in 1 1 correspondence with semi canonicallinebundles

namely line bundles whose square is K holomorphicdifferentials spin bundles

oohe even have no holomorphicsections Generically in the moduli spaceMg
a the nonsingular odd have exactly one hot section

what is that

Δ odd non singular Dg of degree g 1

Riemann see above

They 2 D K namely there is a holomorphic differential

was such that dir was 2D and then

by TG is a well defined spinor half form

Formula Walil 22 1.0 co p
fait



Fundamental bidifferential a.k.a Bergman
Take as before non singular odd characteristics

Define differentialwantvariableq or p respectively

Rlp g d In Alp Alg

Properties exercise see extendednotes

It is a bi differential i.e a differential w.it bothvariables think

Symmetry S
pig R app

It has a doublepole w.it p for p g
and

nowhereelse use Alp AG forp q

Normalization

Rcp g 0 R pig 2T W q
ped pep

Use periodicity properties of



In local coordinate 2 Jlp w f1q in a same neighbourhood

rCp.ql ffp.tf wtocz.wfdzdw
Bergmanproject.ve

oihectionli.e.stress
energytensormc

iCFSfhff Sow 8 w
schwarzianderivative

in II ca

o o o



Fuchsian representation dim Mg
There is a different representation of Rss as

quotient of their universal cover by the action of a

discrete group
This is entirely akin to the case of

elliptic curves ee z TZ thegroupisZxZ I E

Facts
o Any C of g 2 admits a unique metric in the

same conformal class of constant gaussian curvature
015 g

Z E 101212 10121 dx dy
g

2 E

Daeng I

a Thus the universal cover is a simply connected surface open

with a negative curvature metric I.ie HI 23m so

with ds off



H

Examplesofgeodesics
semicircleswith center on IR or

vertical lines

a The action of decktransformations Is an isometry
Iso It ds IPSL.GR
812 det aibic.de R

Namely C p 21 PJ I 21B.jp 2 Pg2jBj id

is representedby a discrete subgroup of PSLAR i e 2 of matrices
2 Aj β B ESLER subjectto

A B A B AgBgAgBj KM 2

esson C It
p where F is a discretegroupof hyperbolic isometriesof It



Remarks MePSL CR is hyperbolic 1am 2

elliptic HrMI 22 nodes singularities

parabolic 1AM 2 removed points

The fundamentalpolygon can be realized bygeodesic loops
manyhomotopy

classthereis a geodesic

epresentative
L

owever since po basepoint can be chosen arbitrarily and potspo amounts to
a conjugation we consider the matri

Equivalently if we conjugate all Aj Bj's by the same GEIs.CH

we clearly have the same RS

dim Mg dim Teichg
What we are presenting is not just a conformal class of metrics but

also a choice of generators for IT a marking
The corresponding moduli space is called Teichmiller space



The moduli spaceMg is a furtherquotient bythe action of

change of basis ofgenerators mappingclassgroup However the dimension

in the same Let's compute it
all hyperbolic

Tg Hom it PSL
4

A B.AE AgBgAjBj 1

y
dim 3.2g 3 3 6g 6 i.e 3g 3 complex

THE ENDT


