
Theta functions
Motivation t.CI periodicfunctions we can express all in termsof sin case
For RiemannSurfaces we have Trigonometry

Def Let theMatgg6
E It symmetric

3mW 0 tve definite
Let ZEC and define Riemann function

2 Σ exp int.tn 2tiE.z
ñez9

Fourier poly series

Exercise Each term in the sum satisfies

I e
E.IM N 2itnt.Imz

uniformlyforZEcompactsets
Prove convergence Hint M series test or Lebesgue
dominated convergence



Remarks In
g 1 this is oneofJacobi's D Dz in DLMF upto normalizationofany

Properties
EI is entire w.r.t.IE

Pseudo periodicity Let I It

E µ I 1 e
id

z

Exercise Hint prove first E 1 0 then 1 0 1 Ej

Note In particular E is periodic in the real

directions I Me FEZ
o o o o

The main use is in conjunction withAbel's map



Main Example seeAbel'stheorem

Let D Etfs Ife be a principal divisor ie Abel

A D A D in T.ir for some mine 729

Then the function f such that dirf D is given as follows
Choose e c69 E 0 and e

IT Alp Alp e a.in A p uptomultiplicate

EI pj Aq.ge.ee
constant

singleValued Exercise show f p 2 f p
f p β f p

has zeros exactly at p p poles exactly at p q and nowhere else
o o o o o



The crucialtheorem behind theaboveformula
Let fe 69 generic Then

The function Fp p f has of zeroes forming
a divisor Dg ofdegreeg

Notabene F p a F p F p b Fcp e Iii 2T AIP f

The valueof F p is not well defined one but zeroes are

ofdegreeg
The above divisor Df is determined viaJacobiInversionTheorem bythe formula

Df IT g equationsfor g unknowns

explicitformula but unpleasant
here HTE is called vectorofRiemannconstants and depends only on

The basepoint po of Abel's map
a the choiceof 2 β's of course doesnetdependon f

o o o o



Remarks We can
convey

the same info as follows

themultiplicatively multivalued function

Ffp Alp A Effie
1K

has dir
g Dg

CorollaryObservation take p Pg
in the above then

GA pit Pg k i A pit Pg Kk

For anychoice ofps Pg is an even function C E E

Remarkey TheAbelmap Ik depend on thebasepoint po

One can verify that for divisorsofdegree g

Ap Dg 1K is independentofp
requires theexplicitformulafor Kp



Consequences
Parametrizationof divisor in JTC

The divisor is simplythe subvariety hypersurface z O Z E JCC

Notabene isnotasinglevaluedfunctiononJJ E

Z µ I 1 e.it Id 2iidz
Howeverthe zerolocus is welldefined because of

Prof e O iff ACDg 1k

In words the divisor isparametrized by g points on E possibly repeated
Note correct dimension Remark The diviser is a centralobject in thealgebraic

geometryofAbelian varieties It is a subvarietywith

singularities at locus where i Dg 7 2 specialdivisor

Depictionof ILC of9
3 Here real dimensions represent

complex dimensions It should be interpretedwithperiodic
b C



gradient

Note the smoothpartof 0 0 is where

Dini'stheorem

and it corresponds to iDg 1 E 1 non special generic case

In general Riemann Theorem the order ofvanishing at f A Dg 11

isprecisely I Dg 1 Singular locus of dir 0 is in correspondence

with i Dg 2

Let f e A 0 A Q smoothpartof divisor
EX.TT

Dg bethecorresponding divisor A Dg 1K

Show

Alp A q f vanishes for p of peDg 1

has a simple zero at pep
a simplepole at p op and

no other zeroes orpoles
Hint ngnpda.lyshowthat g zeroesinthenumeratordenominator

e Provetheformula in the MainExample above



Use of functions
They are used to construct canonical objects

Cauchy kernels to solve boundary value problems
wrong name

Fundamental bidifferential a.k.a Bergman kernel
Chekhov Eynard Orantin topological recursion

Projective connections a.k.a opers BPS states

Szegs kernels det of 25 operators

functions satisfy many functional identities almost all of which
reducible to Eay

Identitiest
I h I



functions with characteristics
GeneralizationofJacobi's elliptic 0g For ñ he 2 one looks at the halfperiods

E m Δ Aim E t.ME

Id E exploit fmit.in I'm ñ n zeΔ

Property C z e g z

Thus we split the halfperiods into even odd depending on theparity of ñom

Example genus JCC Baez 3m20

5 1 If Δ Eg.tt e be 0,1 then

9 A Σ
NEZ

P 27in
g

g L s E 9.5

Note For Δ an odd haff period we necessarilyhave Q 0 Δ cdiv



Mumford
Thereexists an odd nonsingularhalfperied namely Δ Is I.ME
ñ m e 0,1 Rome 22 1 odd such that

gradient A

Fay identities
Let Pa Pn 92 qn.EC Let e JCC dir O

then

etf.LI ffi
It 1 and A Email e

e

MI 9H Pi A19
for N 3 Fay trisecant id

Remarks
Thisis a highergenusgeneralizationof Cauchy's determinental identity

at ftp.IIf



Examples exercises
In genusg

1 Thereis
only one

odd characteristic 1 I Jacobi z

Then Fay identities read K e s et mod t

N

det K vi s 1 IQ t Qcsi sd

ffeis

y O ri s

tow to prove it
Both sides are antisymmetric in exchanges si S or Y V study
as functionof

a Both sides have zeros when Va 12 vn poleswhen Ye Ss Sn

a Both sides havethe same quasiperiodicity under shifts kN K I

Y Y T

s
must be elliptic and can have at most 1 pole R R constant

a By coalescence figure out constant 1



More about Δ's a.k.a 2 torsionpointsof JCC
The halfperiods of JJ C are in 1 1 correspondence with semi canonicallinebundles

namely line bundles whose square is K holomorphicdifferentials spin bundles

oohe even have no holomorphicsections Generically in the moduli spaceMg
a the nonsingular odd have exactly one hot section

Thatis that
Δ odd non singular Dg of degree g 1

Riemann see above

They 2 D K namely there is a holomorphic differential

was such that dir was 2D and then

primitive Δ spinos
by TG is a well defined spinor half form

Formula Walil 22 1.0 co p
Fay



Fundamental bidifferential a.k.a Bergman
Take as before non singular odd characteristics

Define differentialwantvariableq or p respectively

Rlp g d In Alp Alg

Properties exercise see extendednotes

It is a bi differential i.e a differential w.it bothvariables think

Symmetry S
pig R app

It has a doublepole w.it p for p g
and

nowhereelse use Alp AG forp q

Normalization

Rcp g 0 R pig 2T W q
ped pep

Use periodicity properties of



Primitive Δ spinor Klein prime form
With the established notation the Klein prime form is

Ecp g AIP Aa gfha p halg
Properties

E pig E q p

E pta g E pig

E ptb g e
2 19

p g

Vanishes for p q and nowhere else how comes

3n local coordinate setting 2 Jcp w J q we have

Elrial I f 1 06 5 formalization

Does not depend on choice of Ad



t.FI Herent

I
Consider the object

g
P dp ln

Δ A p Ala

Alp Alg

Exercise a Rag has only two simplepoles at 9 1,9
a Zes

Rq q p
1

P9

single valued

qq
0 kiting
9t

wq.iq f up p exchange formula crossratio

P 9 Weyereciprocity



Fun with Fay Jj
One can use theprimeform E pig to construct Szego kernels Fix e di

S pig Alp Alg Alp Alg ha p halq
e E pig e Alp A q

bi spinor

simplepoleonly on diagonal residue s

Fwjt.co Hz raw
sectionof flat bundle X minormodifications we can

make it a UCI bundle

Faytake2
aetcsca.am t.is

hiii in i



Proposition Dubrovin 12 can beproved fromdegeneratingFay
see Eynard Borat

Σ
2 en e

Wjlp Wjlpn

g g
w Qi 2

I SCpa.PH LFSCpa.wscpon.po tSn.zBcrpa
It

pomgroup

t

Useful in all manners ofcomputationofcorrelatorsof KP Tem functions

Remarks For N 2 theformula is in Fay 73



Fuchsian representation dim Mg
There is a different representation of Rss as

quotient of their universal cover by the action of a

discrete group
This is entirely akin to the case of

elliptic curves ee z TZ thegroupisZxZ I E

Facts
o Any C of g 2 admits a unique metric in the

same conformal class of constant gaussian curvature
015 g

Z E 101212 10121 dx dy
g

2 E

Daeng I

a Thus the universal cover is a simply connected surface open

with a negative curvature metric I.ie HI 23m so

with ds off



H

Examplesofgeodesics
semicircleswith center on IR or

vertical lines

a The action of decktransformations Is an isometry
Iso It ds IPSL.GR
812 det aibic.de R

Namely C p 21 PJ I 21B.jp 2 Pg2jBj id

is representedby a discrete subgroup of PSLAR i e 2 of matrices
2 Aj β B ESLER subjectto

A B A B AgBgAgBj KM 2

esson C It
p where F is a discretegroupof hyperbolic isometriesof It



Remarks MePSL CR is hyperbolic 1am 2

elliptic HrMI 22 nodes singularities

parabolic 1AM 2 removed points

The fundamentalpolygon can be realized bygeodesic loops
manyhomotopy

classthereis a geodesic

epresentative
L

owever since po basepoint can be chosen arbitrarily and potspo amounts to
a conjugation we consider the matri

Equivalently if we conjugate all Aj Bj's by the same GEIs.CH

we clearly have the same RS

dim Mg dim Teichg
What we are presenting is not just a conformal class of metrics but

also a choice of generators for IT a marking
The corresponding moduli space is called Teichmiller space



The moduli spaceMg is a furtherquotient bythe action of

change of basis ofgenerators mappingclassgroup However the dimension

in the same Let's compute it
all hyperbolic

Tg Hom it PSL
4

A B.AE AgBgAjBj 1

y
dim 3.2g 3 3 6g 6 i.e 3g 3 complex

THE ENDT


