
 

Les Houches Lectures on

Exact WKB Method Painlevi Equations

Kohei Iwaki U.Tokyo

August 2024

Part I Introduction to Exact WKB Method

WKBsolution spectral curve

Stokesgraph Borelsummability

Voros connection formula and its application

Part I Application to Painlove Equations

Review of Painlevel equations

Topological recursion and i function

with the viewpoint of topological recursion quantum Curve correspondence

Conjectural resurgent structure



Part I

Introduction to

Exact WKB Method

陛
T.Kawai Y.Takei

Algebraic Analysis of Singular Perturbation Theory

AMS Transl 2005

Y.Takei
WKB analysis and Stokes geometry of

differential equations 2017

RIMS Preprint 1848



Lecture1

I 1 Schridinger type ODE and WKB solutions

52品 Q x 4 n t 0 Sch

Och cc1 perturbative parameter

A ca rational function of x

Asun
il Qua has at least one zero

All zeros are simple

ii Meromorphic quadratic differential 中いり 24 d

associated with Sch has pole of order 2 at a
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Take a new unknown function

た exp f Pax xo generis pt
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Put WKB ansatz

Pix.h 品 が Pm 4
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WKB recursion
a similar to topological recursion



が Two formal solutions

term wise integral

ない5 exp
ない it ax

Pat は TT
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の

normalization of WKB solution

choice of path of integration

Example 2 digression

こ9 31 4 h 0 Aingeq
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is a pole

た Yw of order5
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Pi 干るが Pi 一 の54
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が 4fntm.tl fat a

exp や t logx な x ̅
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es n

4need regularization
at 9nl 0.1 0.2

when logit Zi zu is topological recursion
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Pmby are defined on double covering Riemann surface

of x plane The geometry of the RS is important

吐
Σ 71y E

2
Y Quay is called WKB spectralcurve

71y E Σ くい Σ compactification

I 1 で で

E C く い P

A turning point of Sch is either

a zero or a simple pole of Pca Q Dil d12

Taikoo Hollands Neitzke16

Pm's are meromorphic function on Σ

In particular WKB solutions are not

defined at turning points



Also WKB solutions are usually dives
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k q

4e polis zeros
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と品 1 PI.mil Ck.ta 1 Cm201

Gevrey I series

が let's take Borel sum wirth



I 2 Borel summability w.v.tt

Quid review

formal series mas といが 1
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termwise Gm Borel tremefor
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Main issue
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In the exact WKB in 2nd order

the following geometh object controls the suwmability

_ef spectral network associated with On idx2

r
The Stokes graph of Sch is a graph on x plane wit

vertices zeros and poles of

edges Stokes curves horizontal trajectories

emanating from a turning point N

and defined by Im 5IT dx 0

wynnum
If argh then

Examples we put e it here

Qnil の1 Aivy Q Ga 712 1 Weber

in
V

order5 order6
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Q リ hypergeometric
中 has order 2 pole
at 2

Q x F
order4 at n

一一 x simple zero

simple pole

一 pole of order 22

In general

3 resp I Stokes curves emanate from X heap

Near a pole of with order m 2

If m 3 then m 2 asymptotic directions

singular directions around irregular sing.pt

If m 2 it depends on phase of し T EC



無 m 器
saddle connection

degenerate ring domain

Dunster Lutz Schalke 93 Koike Schafke

無 Nemes 201 Nikolaev 21

If the Stokes graph doesn't contain Saddle conn

e.g ix k.io YA et

then the WKB solutions are Borel summahle

on each Stokes region lie face of Stokes graph

まま に 84 are basis of hd solutions of sch

defined on the Stokes region
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いい

method of TBにらに A 7 ーす で て at

characteristics

の 1 f n z 告 砙 詰 七 比

13A3 7 う at
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TB is unignehol.sd.at 5 o
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To take Res 4

we need information growth of Ai z

when Rez Ref Tan _a
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when Re5s1

family of

negative tjectories

x Stokes graph が の

Need careful _p
P pole of order 2

discussion if where Ai ZI are bounded

i

が Iteration test imation works

a P is Borel summable



つく E
Positive

negative
part of a Stokes curve

い が Iteration does not
does

work

凸

が
一

つ an

で
いす3

Z 1 と never meets 7 一と will hit

with singular pts of Ai
a singular point of Ai

turning point

が P summable
が We can MI prove

the summability of P



For WKB solution な exp Phi.h dx

P.P singular point

5 たシ
3

で

of Isch

p

l as formal h_series
Koike's trick

ンっ で 3 we can take P P'as

endpoints fu integral of Pm
など

9 p

Ps are Borel sumunable

at anypoint
on the deformed path

h
Bt this deformation is

Not allowed if saddle conn Do
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At
Web

0 m 2た even

Pm Gal di

iie.im 2た1 00a

1st
hold for m21 ie k2 1

ー メ
は

Vs f Pai.tl de
200 i 200

Voros period of Weber eqn
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Lecture2

I 3 Connection formula

Assum.Stok.es
graph of Ssh doesn't contain

any saddle connection

N a turning point

ie simple zero or simple pole of Q
いとしい

Finis case we allow

Q Qo 11th221741
9

has simple has atmost

pole at N double pole at U

I c一三 o たこI

lo v

i



I I adjacent Stokes regions

have a Stokes curve C as common boundary

I I counter clockwise

N

We normalize the WKB solution at o

4 m exp 1 Pは t di

More precisely

Take odd even decomposition and define

た T exp よ Poa Di in ax

where でPoa di f Poaa971

171.91

で
いい ーな



UI the Borel sum of 4 on region J

connection

Since these are hol sol of Ssh y matrix

there exists invertible 2 2 matrix S satisfying
しい

しきi も ま I 世 S

と analytic continuation across C

where

ii it Sidi so on

Csf

ii it in an co nc

for some ME o Stokesmultiplier

2d BPS index



二
i If U is a simple zero then µ 1

Voros 83 Aoki Kawai Takei91
Kamimoto Koike 12

ii If N is a simple pole then

µ 2 cos TTT

where A g
171 01221711

koike 00

Remarks

This can be understood as Stokes phenomenon wirth

4き 世 4 5 to Watson's lemma

and II It im I exp.small

i に path lifting of Gaiotto Moore Neitzke 12

We will make it more precise below



The same connection formula is valid

when we fix 31 and vary 0 agh

Idea v simple zero

Aing case が follows from properties of 2F

cf Aniceto's lecture

General case Use Exact wkB theoretic transformation

X n 51 t Xmnil formal change of

coordinates.t
いいち いり をは Xin5 h

normalized

ix がるat o
normalized at X 0



RHS 誠 でない51
x.x.ca

I Borel tr where 己 X Xo 品が Xmaq

ら

4 B x 3 f K a らーらか なと Xony 3 ds

刊が市
一

This has no singularity on the positive real axis on 3 plane

ua preserve the singularity structure on Y plane

micro differential operator

Thus we can compute alien derivative of 4 B

twm that of だが
Aoki Kawai Takei 91 Kamimoto Koike 12
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quantization of QH 4P p et 0
Remake r の
Quantum differential equation for Cpt

h 郝 プ 4 0 a
Satisfied by Setwitが男

with W 中十市
一 i 州 た

i

gauge transf

Koike's connection formula gives

上 世 酬 し i
w l

を まさ X Oi 0か い

consistent with the Dubrovin's conjecture

Dubrov in 19891 Guzzetti 1999



I 4 Application to monodromy computation

Example Weber equation

1が 一 とー 4にもに

Suppose VER so The Stokes graph is

く

なー い が

く

4 だ T exp iPoddax normalized

at N

Let us compute connection formula from It な



Connection formula at D

Previous Uovos formula is applicable

ては そ は 世 1
Connection formula at

Uoros formula doesn't hold for 4sat

since the norn aliatien point is different fromV2

However

だ w̅ 1 Paan

い

だい

exp 1 Pooadx 4

い を voros formula

IS Pouadsl
is applicable

GT 2
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E.in JdeexE w I
Hi ii

V2 N V2 U

i だ e
は ジ し where Vs f Pora dx

This is also Borel summable
under saddle free assumption

Koike's trick
i 4で で

し 4世 でのが な で
i e なは 世 と
よ understood

as Borelsum

implies

だ F 4が 4
区

i は ど

りる



Thus we have observed that

A.c of Borel nesummed WKB solutions

are described by periodsee of Pod

T Sato Aoki Kawai Tkei 91 RIMSKokyuroku 750

If there is no saddle connection the Stokes graph

then the monodromy Stokes connection matrices

are explicitly described by the Borelsum of

Voros symbols axp Poaaaa s EH さ i

い たい
Voros period

ツ い
Airy conn matrix

i で
いで 一

パがいいが
i

Voros symbols ei 0

en



Remark

The Voros connection formula can be alternatively

formulated as follows

シ で

vmii と
C s

yoos
path lifting

4T

where II is the Borel sum of で
which is obtained by to rm wise analytic continuation

of 4 along detoured path shown above

exp Poaadi exp
Poaadi

がではでなと
i す なだい なだ



mm_ 1 2949 wall crossing formula
Gaiotto More
Neitzke 2011

Example Qm ぎ 1 Weber eq with V 1

Fin x and compute total Stokes matrix

sit で
either Voros connection matrix ou DDPmatrix

が が が 品eui
E We use connectionformulas in opposite direction

In other words

ま まだ ぎで
I

川 Sit

0 andTI

I

武
だ

i
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We normalize the hkB solution at V1 Then

o

si
い ど が

j1 eVrjΣ
Y

1 でだ
i 1 eVr 1 evr

を

1

Sto
liter で

品が
の の a

Sit is locally constant under the variation of い
wnnnnnn

いん 2d 4d wall.crossing formula
non trivial relation among
Mad 24d



Part II

Application to

Pain love Equations

陛
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Lecture 3

I 1 Motivation

Painlove equations o Pairlevi.Gambier around 1900

Painlove property movable sing must be a pole

e.g 9 82 9代に は
E has singularity at t c

movable sing

器 F GH log k t C

Emovable branch pt

Ps 器 68 t

I 1 293 t q 日

𨸟 器 じ ー 増 楽 だ
i

These non linear ODE has many nice properties

i T function analogue of d function

ii isomonodromy deformation integrability ete



器 692 t だ
elliptic function

nonautonomous
や12 483 92p_g

version
p 6p も92
の

8 一品 5 p logo
analogue

T function G 0 function d function l
entire

entire

ii 4

りちう Aま A
x29
の
92を _p

す Bは B
0 2

91十 0

5 Stokes matrices of the first linear ODE around た

sirreg.sing of Poincare rank
いい

These are t independent if the fundamental solution

satisfies the system of PDEs

The above system must satisfy the compatibility condition



h 星 引 CA.B 0 h9 P h1 682七

exercise

な が器 68 t

um Stokesmultiplier around た n are

conserved quantities for PI

で 蟁 㝡 mndnys.esdata
Couresp 4

I let's apply

exatwifflat connection to study Painlevel
お AY

Aoki Kawai Takei 96

Σ y2 43 2 x ひの

まな A
with U と 2げ

が が

where H I 293 8 Hamiltonian for Pi

What is the classical limit
SpectralCurve

Does by8 exist



GuessfromexactWKBph_Monodromylstok.es

data should be computable

via Voros symbol periods on spectral curve

いが by di should be t independent impossihe because t

for anydcAappea.rs
in Σ

no let us choose a basis A B EH E Z

and impose faydo is t.irdependent
シ
2下 iv

This determines U U t v at least locally

発 2は で 無
where WA S等 リタ 18

But how about t dependence of

B periods

h corrections of A periods

E Beautifully solved by topological recursion

and discrete Fourier transform



I 2 i function from TR

Let us apply topological recursion to

さ y 4713 2 n UH.v

where Ziiv fa ydx t.indep

Wo Z Y z d 1171

where

2 PI Y plz Z 4分wat Dw

Wo217 72 P21 22 昌 dz.idz2

9

Symmetric

でで the 9ᵗʰ2 9 7

Pan W0 2 7 Z2 0



Wg n Z Zn and Fg Fg it.rl
TR

Fo な y di

F 一 log
WA6 D

E discriminant
Exercise

Check the equalities の で 輩 f はい

ゴ2 2が噐

Z t v h exp 5な 2

Fg it.v1

perturbative partition function

女 っ1十 V 5

exp 型 fn Wg.nl t.nl

11210 n2

perturbative wave function Wgo Fg
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4 71 t.V.p 5

こ でhPA X n.t.vtfh.tl

う で z t.vtft.tl

are formal solutions of the first component of

the isomonodromy system with

q r f logにで z t.vtet.tl
u n h n

TIH.u.p.tl

That is な is formal series_valued T function

u.pl 一 initialconditions for PI



ッ で PT ZH.u.tl tAm tnPT

qwritenby

d function

て lib 哿 だがい

where 2tip f y di か

と exp Firm im

ep E との 1

jai に
TI is an example of non perturbative partition function

introduce in Eynard Mariio 08



ii The above construction was generalized

to all Painleve equations by

Eynard Garcia Failde Marchal Orantin 19

iii This is closely related to Kyiv formula

Gamayun.Iorgov.lisovyy 12

TPは Σ et P ししは B1で
は

TO EEZ
product of c 1 4point

Barnes G function Virusoro conformal block

awat
9 92

Question if Borot's talk l

Can we rigorously relate

ZR G B CFT っ ZNekrasov ZAD

including irregular singular cases
perturbative QC

BIZ equation

of Marino 081 CBKMP 08

Kozc.az Pasqueti Wyllard 101 Awata et.al 10

Nagoya 15 1 Poghosyan Poghossian 23



ジとで た dogz のが
satisfies

- 2で主一 4で 2 tx 2が張 X

ー っい ひと och

i e This is perturbative quantum curve
-

TR also implies

Pz
a
hug n f

2だし 19.41 10.11

19 nl 10.11

が e
さ2 ivt な

term wife Ae rynt
along Acycle inv under V v ft

が 4 1 e
さ2だ rt ⅔

t independence of A Voros period



ii f Wg nti Z.in Zn.Zntil Variation formula

Zn ER

引 log.n Z Zn

01Zi fixed

が X tvih X t V hit

term wife AC
Exercise

along B cycle

が e
チ 2

4

t.in dependence of B Voros period

Using these facts we can prove that

4 satisfies the isomonodromy system

non perturbative isomonodromy
Summery systemquantum curve



Lecture 4

Previous lecture

y 423 2 71 4 PAYdi 2でiv

TTT T t.v.p.tn Σ e2
で ʰ Z t v Eh t

FEZ

i.fm T function of Pz 529 6q2 七

r a Z Borel sumunable

く
Can we study its Stoke jump

le We will derive a Stokes jump formula for TI z

based on the integrability of Painlevi equation

with several conjectural arguments

of 154 0
I 3 Conjectures on linear Stokes data のででの
Recall PI isomonodromy deformation of

L4 で最 で方 一 4プ 2い 2H I た



y の2
e2ihpt Z氏 V たち h X つい七 Vtbh h

な

在 でザ だがwg was
o o

と satisfies PDE perturbative Qc 1sat
in

r 品 25 4プ 2tx 252裴 X 0

42471は 3 2txt U

Conjectuemntlは 20191

i Borel summability should be contd
the Stokes graph determined by

the quadratic differential 43 2tat U d

as well as the Schridinger.type ODE

i.e If saddle conn then

are Borel summable on each Stokes region

c.f Drukker Putrov Marino 11

ii The Borel sums of As are glued by

Vows connection formula path lifting rule
c.f Hao Neitzke 24



a class of genus 0 spectral curves

だだー ve
Weba curve

で E 2g9SU な
9221

Hover Zagier Penner Norbury

B の5252FY i た が exercise

has poles at 5 2 i r.k f EI

i い is Borel sunmable it に

no saddle condition

in Stokes graph

ZC vei E
f I が11

Psdi
でン と

BPS

Borel sing of F
c period lattice of ydx wo

This is conjectured in general C.fi Drukkev Patrou Marino 11



Some that the conjecture is true

and let us compute the linear Stokes data

Stokes graph for some t UIt.ul

S t C
I

出 立 く
So

sd
EVATTなつ祜

ず

へahh
I deformed

to Acycle
っ

A B 1 S
c

Recall exp のザ
が

wgn
normalized

at つた

4z 0 つたゆ

The Voros formula path lifting rule implies

で XI が
where x ̅ is obtained by term.wise AC along

detuned path which can be deformed to A.cycle



i x ̅ I ie2tivt.AT and

が XT ie in

train under
I 7き UH rtbt

I dIT

4は 4I i etivtな

2時 4
な

Thus we have the Stokes matrix

S ini
苦

Next let us look at S2

Vos path lifting 供 メで x ̅ な

T.la.t V it termwise A.C of X along B cycle

i では X at v tit



珙 な
i e2

だ
Pty命 と が

S 1
1

iemoa

茄
By this method we have the conjectural list

of Stokes multipliers Aj

12 i Xi ー XA Xi

1st
i xi i XB l

So I XA

A i Xi Xi XB XE 1

A2 i XB

where XA e it Xp e2だPlt

Voros symbols of non perturbative quantum curve



4 derivation was heuristic but it genes with

several known results

cyclic relation As i 1 AriAsti

elliptic asymptotic formula

9 t.u.pt P と wa き w

iocti.int

log is WA log iso WB

c f Kitaev89

く 9immak ourderivat.ion rigorous math



I 4 Application to resurgence further heuristic arguments

Suppose we have a saddlec.sn fov some t

c e.g

し t co

V E Rつ

ドが
expected BorelsingE fBydi E E
lie on Laplace contour

What is the Stokes jump

ない
Let us perturb t

ない



Ret co Int 8 Ret cc0 Im t 8

ー なー

斗 T.iYYni.im m

Vikki

is r た w̅

Previous computation shows
1 J2 i XA XXB

A 2 i XA 1

s i Xi Xi Xi Xi 1 が i が _xダ̅
Jo i X

so i XB

s i Xi XAXi I i ぶ a A
1 s i T12 i Xi ー メダXB
1

1

Xn e it 1 XA e Ein

i
XB e2tilt e2tipt



Since t is icomonodromic time

we should have A j r.p 1 VPT

ie XB X

XA に X 1 Xi

4 clustertransform DPPformula

Kontaevich Sibelman transform

1 4d wall Crossing

njecuef は Marino 23

In the above situation we have

な t.ro.t s e
tide が i t.i.i.tl

A

where V v_ i log 1 e p



looking at O Fourier mode we have

Z t.v.tl

exp1tLiz em log 1 eなり Z t.r.tl

では v.tl I Marino 23

where Z0 ZH VTI

で 1 でル h h Zl t.r t.tl

ennuin Zu e If itdi

alternative derivation of formulas
in

Gu Marino 22 Gu KashaniPoor Klemm Marino23

1 Marino's Lee Hoches lecture

base on non perturbative analysis of HAE

c.f Couso Santamaria Edelstein Schiappa Vonk 14


