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1 Introduction

In these lectures I will review some non-perturbative aspects of the topological string. There
have been many takes on this problem, but my focus will be on the “resurgent” approach, and
on the so-called TS/ST correspondence. Before embarking on these lectures, it is useful to have
a general view of what we mean by a “non-perturbative” approach.

1.1 Perturbative and non-perturbative physics

Observables in physical theories are often functions F (g) of a control parameter g or “coupling
constant”. There are many situations in which determining F (g) for arbitrary values of g is in
practice difficult. If the value of F (g) is known for a reference value of g (which I will take to
be g = 0), one can try to use perturbation methods to understand what happens when g is near
this reference value, i.e. when g is small. The outcome of these methods is a perturbative series
in g, of the form

ϕ(g) =
∑
n≥0

ang
n. (1.1)
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(In these lectures, ϕ(g) will denote a formal power series.) However, as explained by I. Aniceto
in this school, more often than not the series obtained in perturbation theory are factorially
divergent, i.e. the coefficients grow like an ∼ n!. This means that the series ϕ(g) does not define
a function in a neighbourhood of g = 0. Rather, ϕ(g) provides an asymptotic approximation to
F (g), in the sense of Poincaré, and we write

F (g) ∼ ϕ(g). (1.2)

Extracting physical information on F (g) from its asymptotic expansion ϕ(g) has been an impor-
tant problem in physics and mathematics. In general, asymptotic series give approximate results,
although sometimes one can find exact answers through appropriate resummation techniques.

In the above discussion we have assumed that, in our theory, F (g) can be mathematically
defined as an actual function, at least for some range of values of g. If this is the case, we will
call F (g) a non-perturbative definition of our observable. If F (g) is well defined, the perturba-
tive series ϕ(g) can typically be obtained from this definition. However, real life turns out to
be more complicated, and as we consider more and more complicated quantum theories, non-
perturbative definitions become harder to obtain. Let us discuss various possible scenarios, and
their realizations in physical theories.

In the best possible scenario, we have a rigorous mathematical definition of the function
F (g), an algorithmic procedure to calculate it for a wide range of g, and a method to obtain
a perturbative expansion for small g. This is often the case in quantum mechanics. A typical
example is a non-relativistic particle in the quartic potential

V (q) =
q2

2
+ gq4. (1.3)

Here, the coupling constant is g, and a typical observable is e.g. the energy of the ground state
E0(g). When g > 0 this function is defined rigorously by the spectral theory of the self-adjoint
Schrödinger operator

H =
p2

2
+ V (q), (1.4)

where q, p are canonically conjugate Heisenberg operators. We also have numerical techniques,
like Rayleigh–Ritz methods, to compute this ground state energy for arbitrary values of g. Finally,
the rules of stationary perturbation theory give a power series in g for E0(g), of the form

ϕ(g) =
1

2
+

3g

4
− 21

8
g2 + · · · (1.5)

It can be shown that this gives indeed an asymptotic expansion for E0(g). Moreover, one can
use Borel resummation techniques to recover the exact E0(g) from ϕ(g) (see e.g. [1] for a review
and references).

In the second best scenario, one has a method to obtain perturbative expansions, and an non-
rigorous algorithmic procedure to calculate F (g) non-perturbatively. This is the typical situation
in quantum field theory (QFT). One of the main achievements in QFT is the development
of renormalized perturbation theory, which produces mathematically well-defined formal power
series in a coupling constant g. For some observables we can also obtain a non-perturbative
definition by using a lattice regularization of the path integral, and then taking the continuum
limit. This latter procedure is in general not mathematically rigorous, but in practice seems to
leads to well-defined and explicit numerical results. There is a branch of mathematical physics,
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called constructive QFT, whose goal is to provide mathematically rigorous non-perturbative
definitions of observables, akin to what can be achieved in quantum mechanics. Recently there
have been some advances in constructive QFT by using probabilistic techniques, but progress in
that front has been slow and mostly in low dimensions. There are special cases in QFT in which
we can obtain non-perturbative approaches by other means. For example, in integrable quantum
field theories one can use the Bethe ansatz and form factor expansions to obtain non-perturbative
definitions of some observables. In some theories with a large N expansion one can sometimes
obtain exact results as a function of the renormalized coupling constant, albeit order by order
in a series in 1/N . An additional complication of QFTs is that the relationship between the
perturbative and the non-perturbative approaches is much more complicated than in quantum
mechanics, and showing that the perturbative series provides an asymptotic expansion of the
available non-perturbative definitions becomes non-trivial.

The case of string theories is even more challenging, since they are defined only by pertur-
bative expansions, and non-perturbative definitions simply do not exist in general. One can try
to construct string field theories, i.e. spacetime actions whose Feynman rules reproduce ordinary
perturbation theory. As reviewed in C. Johnson’s lectures, there are simpler examples of string
theories in low dimensions where one can use a sort of lattice regularization in terms of matrix in-
tegrals in order to define exact observables. Another class of examples concerns string theories on
Anti-de Sitter backgrounds, where string theory is expected to be equivalent to a QFT. In these
backgrounds, the non-perturbative definition of string theory amounts to the non-perturbative
definition of the underlying QFT.

Therefore, both in QFT and in string theory we have in principle a systematic approach to
compute formal power series in the coupling constant, through the rules of perturbation theory.
We have a harder time in obtaining non-perturbative, exact definitions of observables. This
problem becomes particularly acute in string theory. In view of this, it might be a good idea
to try to extract as much information as possible from the perturbative series itself, as ’t Hooft
advocated [2]. It turns out that there is a framework to do this which was developed in the
late 1970s by various physicists, and it was later formalized by the mathematician Jean Écalle
under the name of theory of resurgence. The basic idea of the theory of resurgence is that one
can obtain non-perturbative results by appropriate resummations of formal series. However, in
order to do that one needs to go beyond the perturbative sector and to consider non-perturbative
effects, which mathematically are formal power series with an additional exponentially small
dependence on the coupling constant. Some of these non-perturbative effects (but in general not
all) turn out to be hidden in the perturbative series, and one can learn something about the
non-perturbative aspects of the theory by extracting these effects from perturbation theory.

In these lectures, our starting point will be a perturbative series ϕ(g), and the search for
“non-perturbative” aspects will refer to either of the following two problems:

1. Non-perturbative effects: given ϕ(g), can we obtain an explicit description of the non-
perturbative effects which are hidden in the perturbative series? More precisely, can we
obtain an explicit description of the so-called resurgent structure of ϕ(g)?

2. Non-perturbative definition: given ϕ(g), is it possible to construct a well-defined function
F (g) which has ϕ(g) as its asymptotic expansion?

These two problems are logically independent and they have a very different flavour. The
first problem has a unique solution. It is encoded in what I have called the resurgent structure

– 3 –



associated to a perturbative series. However, obtaining explicit descriptions of resurgent struc-
tures turns out to be a very difficult problem, even in simple quantum theories. Given only the
perturbative series, the second problem clearly does not have a unique solution, since there are
infinitely many functions with the same asymptotic expansion. Therefore, the relevant question
is whether there is a way to pick up a particular non-perturbative definition as the one which is
physically relevant, or perhaps the one which is more interesting mathematically.

Although the two problems above can be addressed separately, they are also related, in the
sense that once a solution to the second problem has been found and a non-perturbative definition
is available, one can ask whether it can be reconstructed by using the resurgent structure, i.e.
by using the non-perturbative effects obtained in the solution to the first problem.

1.2 Non-perturbative topological strings

Topological string theory can be regarded as a simplified model of string theory, more complex
than non-critical string theories, but still simpler than full-fledged string theories. Topological
string theories are interesting for various reasons. They provide a physical counterpart to the
theory of enumerative invariants for Calabi–Yau (CY) threefolds, and they have led to many
surprising results in that field. Through the idea of geometric engineering [3], they are closely
related to N = 2 supersymmetric gauge theories in four and five dimensions. They have multiple
connections to classical and quantum integrable models, as seen in e.g. [4–7]. Finally, they
lead to simpler but precise realizations of large N dualities, in which the large N dual can be
a matrix model [8, 9], a Chern–Simons gauge theory [10], or, as we will see in these lectures, a
one-dimensional quantum-mechanical model [11, 12]. For these reasons, there have been various
efforts to understand non-perturbative aspects of topological strings from different perspectives.
In these lectures we will address this problem by first considering the resurgent structure of
topological strings, as proposed in question 1 above, and then addressing the question 2 of
finding an interesting non-perturbative definition.

The structure of these lectures is the following. I will first review some properties of per-
turbative topological strings in section 2. This section is far from self-contained, and a detailed
derivation of all the results I will mention would be the topic of various summer schools. It
should be regarded as a list of properties which will be useful later on. In section 3 we address
their resurgent structure, and we will essentially answer the question 1 above. In section 4, we
provide a possible answer to question 2 above in the case of toric CY threefolds, namely, we con-
sider a well-defined function, obtained from a quantum-mechanical problem, whose asymptotic
expansion conjecturally reproduces the perturbative series of the topological string. Appendix
A summarizes some useful results in the theory of resurgence which I will use in the lectures.
Appendix B list some useful properties of Faddeev’s quantum dilogarithm.

2 Perturbative topological strings

In this section I give some background on perturbative topological strings. This is a big subject
which would require many lectures in itself, so I cannot cover all the details. Useful references
about topological string theory include [13–16]. A very incomplete but hopefully useful set of
lectures can be found in [17]. Various aspects of the mathematical view on topological strings
have been presented in the lectures of M. Liu in this school.

Topological string theory, as we mentioned above, can be regarded as a toy model of string
theory. Since a string theory is a quantum theory of maps from Riemann surfaces to a target
manifold, we have so specify first our target. This will be a CY threefold, i.e. a complex, Kähler,
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Figure 1. A pictorial representation of a holomorphic map from a Riemann surface Σg into a CY M .

Ricci-flat manifold of complex dimension three (other choices are possible, but have been studied
less intensively). We will denote such a target by M , and we emphasize that M does not have
to be compact. In fact, non-compact CY threefolds will be very important for us, for various
reasons.

The starting point to construct topological string theory is theN = 2 supersymmetric version
of the non-linear sigma model, with target space M . This model can be topologically twisted
to obtain a topological field theory in two dimensions [18]. Topological string theory is then
obtained by coupling the resulting twisted theory to topological gravity, in the way explained in
[19, 20]. There are however two different ways of twisting the non-linear sigma model, known as
the A and the B twist [21, 22], and this leads to two different versions of topological string theory,
which we will call the A and the B model. These models are sensitive to different properties of M .
The A model is sensitive to the Kähler parameters of M , which specify the (complexified) sizes
of the two-cycles in M . There are h1,1(M) = b2(M) Kähler parameters in total, where hp,q(M)
are the Hodge numbers of M , and bi(M) are its Betti numbes. We will denote these parameters
by ti, i = 1, · · · , s, where s = h1,1(M), and we will gather them in a vector t = (t1, · · · , ts). The
B model is sensitive to the complex parameters of M , which specify its “shape”, and there are

h1,2(M) =
b3(M)

2
− 1 (2.1)

complex moduli in total. We will denote them by zi, i = 1, · · · , h1,2(M).
Mirror symmetry is a duality or equivalence between the A and the B models, which we will

assume in the following. This means in particular that there is a map between the Kähler and the
complex moduli of the mirror manifolds, which we can write as ti = ti(z1, · · · , zs), i = 1, · · · , s.
This map is usually called the mirror map, and we will see explicit examples below.

The only observable of topological string theory on a CY threefold is the partition function,
or its logarithm the free energy. The latter can be calculated as a perturbative series by summing
over connected Riemann surfaces. The contribution of a genus g Riemann surfaces to the free
energy will be denoted by Fg, and it is a function of the Kähler (respectively, complex) moduli
in the A (respectively, B) model.

2.1 The A model

To solve topological string theory perturbatively, one has to calculate Fg for all g ≥ 0. Let us
describe how to do this calculation in the A model. Since the theory is topological, one can
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show that it just “counts” instantons of the twisted non-linear sigma model with target M . The
instantons are in this case holomorphic maps from the Riemann surface of genus g to the CY M ,

f : Σg →M, (2.2)

see Fig. 1 for a pictorial representation. Let [Si] ∈ H2(M,Z), i = 1, · · · , s, be a basis for the
two-homology of M , with s = b2(M) as before. The maps (2.2) are classified topologically by
the homology class

f∗[(Σg)] =

s∑
i=1

di[Si] ∈ H2(X,Z), (2.3)

where di are integers called the degrees of the map. We will put them together in a degree vector
d = (d1, · · · , ds). The “counting” of instantons is given by the Gromov–Witten (GW) invariant
at genus g and degree d, which we will denote by Nd

g , and is given by an appropriate integral
over the space of collective coordinates of the instanton, or moduli space of maps, as explained
in M. Liu’s lectures (see also [14] for definitions and examples). Note that GW invariants are in
general rational, rather than integer, numbers.

The genus g free energies can be essentially computed, as an expansion near the so-called
large radius point t → ∞ if you know all the GW Fg(t) at genus g and at all degrees. They
are given by formal power series in e−ti , i = 1, · · · , s, where ti are the Kähler parameters of M .
They also involve additional contributions, which are polynomials in the ti. At genus zero, the
free energy reads

F0(t) =
1

6

s∑
i,j,k=1

aijktitjtk +
∑
d

N0,de−d·t. (2.4)

In the case of a compact CY threefold, the numbers aijk are interpreted as triple intersection
numbers of two-classes in X, and one usually adds an additional polynomial of degree two in the
Kähler parameters, but we will not busy ourselves with these details here. At genus one, one has

F1(t) =
s∑
i=1

biti +
∑
d

N1,de−d·t. (2.5)

In the compact case, the coefficients bi are related to the second Chern class of the CY manifold
[23]. At higher genus one finds

Fg(t) = cgχ+
∑
d

Ng,de−d·t, g ≥ 2. (2.6)

Here, χ is the Euler characteristic of M in the compact case, and a suitable generalization thereof
in the non-compact case. The constant term cgχ in (2.6) is the contribution of constant maps
to the genus g free energy. The coefficient cg is given by an integral over the moduli space of
Riemann surfaces [20], whose value can be obtained by using string dualities [24] or by a direct
calculation [25],

cg =
(−1)g−1B2gB2g−2

4g(2g − 2)(2g − 2)!
. (2.7)

Although the genus g free energies have been written in (2.4), (2.5), (2.6) as formal power
series, they have a common region of convergence near the large radius point ti → ∞, and
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therefore they define actual functions Fg(t), at least near that point in moduli space. The total
free energy of the topological string is formally defined as the sum,

F (t; gs) =
∑
g≥0

g2g−2
s Fg(t). (2.8)

This can be further decomposed as

F (t; gs) = F (p)(t; gs) +
∑
g≥0

∑
d

Ng,de−d·tg2g−2
s , (2.9)

where

F (p)(t; gs) =
1

6g2
s

s∑
i,j,k=1

aijktitjtk +
s∑
i=1

biti + χ
∑
g≥2

cgg
2g−2
s . (2.10)

is the polynomial part of the free energies. The variable gs, called the topological string coupling
constant, is in principle a formal variable, keeping track of the genus of the Riemann surface.
However, in string theory this constant has a physical meaning, and measures the strength of
the string interaction: when gs is very small, the contribution to the free energy is dominated by
Riemann surfaces of low genus; as gs becomes large, the contribution of higher genus Riemann
surfaces becomes important.

If we fix the value of t inside the common radius of convergence of the free energies, the
sum over genera in (2.8) defines a formal power series in the string coupling constant, whose
coefficients Fg(t) are functions of the moduli. Understanding the detailed properties of this
series will be one of the central goals of these lectures. There is strong evidence that the series
Fg(t), at a fixed value of t, diverges doubly-factorially,

Fg(t) ∼ (2g)!, (2.11)

therefore the total free energy (2.8) does not define a function of gs and t.

2.2 The Gopakumar–Vafa representation

The expression in the r.h.s. of (2.9) is a double expansion, in both degrees and genera. To obtain
(2.8) we sum first over all the degrees at fixed genus, to obtain the functions Fg(t), and then
we sum over genera. As we will see, this is the natural answer that one obtains from mirror
symmetry and the B-model. But perhaps one could try to exchange the order of summations,
i.e. to sum over all genera for a fixed d. This was done by Gopakumar and Vafa in [26], by
thinking about the physical content of the free energies in M-theory. Let us consider the double
expansion in (2.9) involving the GW invariants,∑

g≥0

∑
d

Ng,d e−d·tg2g−2
s . (2.12)

Then, [26] found that this series can be re-expressed as

FGV (t; gs) =
∑
g≥0

∑
d

∞∑
w=1

1

w
ndg

(
2 sin

wgs
2

)2g−2
e−wd·t, (2.13)

where ndg are the so-called Gopakumar–Vafa (GV) invariants. In contrast to the GW invariants,
they turn out to be integer numbers. They can be interpreted, roughly, as Euler characteristics
of moduli spaces of D2 branes in the CY manifold. One important property of the GV invariants
is that, for a given degree d, there is a maximal genus gmax(d) such that ndg = 0 for g > gmax(d).
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Exercise 2.1. Show that the expression (2.13) leads to the following formula for Fg(t) [27]. For
g = 0, g = 1, one has

F0(t) = F
(p)
0 (t) +

∑
d

nd0 Li3

(
e−d·t

)
,

F1(t) = F
(p)
1 (t) +

∑
d

(
nd0
12

+ nd1

)
Li1

(
e−d·t

)
,

(2.14)

while for g ≥ 2 one has

Fg(t) = F (p)
g (t)

+
∑
d

(
(−1)g−1B2gn

d
0

2g(2g − 2)!
+

2(−1)gnd2
(2g − 2)!

+ · · · − g − 2

12
ndg−1 + ndg

)
Li3−2g

(
e−d·t

)
.

(2.15)

In these expressions,

Lin(z) =
∑
k≥1

zk

kn
(2.16)

is the polylogarithm function of order n.

It follows from (2.15) that if one knows the GW invariants Ng′,d′ with g′ ≤ g, d′ ≤ d, one can
determine uniquely the GV invariant ndg , and viceversa. In that sense, the two sets of invariants
contain the same information. Let us note that there exist direct mathematical constructions of
the GV invariants as well, see e.g. [28].

The GV representation of the total free energy gives another view on the problem of resum-
mation. It is clear that we can now write the non-trivial part of the total free energy, involving
the GW invariants, as

FGV (t; gs) =
∑
m

Fm(gs)e
−m·t, (2.17)

where

Fm(gs) =
∑
g≥0

∑
m=wd

1

w
ndg

(
2 sin

wgs
2

)2g−2
. (2.18)

Note that, due to the vanishing property of the GV invariants mentioned above, the sum over g
is finite. One could think that (2.17) can perhaps be summed, as a series now in the variables
e−ti . It turns out that the properties of this series depend crucially on the value of gs. If gs
is real, the series is not even well-defined. This is due to the inverse square sines appearing in
(2.13), which lead to singularities at rational values of gs. In fact, given any rational value of gs,
there is a minimum degree mmin such that infinitely many coefficients Fm(gs) with m > mmin

are singular at that rational value. As a consequence, given any real value of gs, rational or not,
there is a degree starting from which infinitely many coefficients Fm(gs) can be made arbitrarily
large. This is clearly a pathological situation. One could still try to make sense of the r.h.s.
of (2.17) for complex values of gs. However, in that case there is evidence that the coefficients
Fm(gs) grow with Gargantuan speed, even worst than factorial. For the CY manifold known as
local P2, where b2(M) = 1, and therefore there is a single degree, explicit computations suggest
that

log |Fm(gs)| ∼ m2, m� 1. (2.19)
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Therefore, when gs is real the GV series does not make sense, and when gs is complex the series
makes sense, but it diverges wildly. This underappreciated fact shows that the GV representation
of the free energy does not define topological strings non-perturbatively.

Exercise 2.2. M. Liu’s lectures have introduced the topological vertex of [29], which can be
used to compute the coefficients am(gs) efficiently in the case of local P2. One finds, for the very
first values of m = 1, 2, 3,

F1(gs) = − 3q2

(q2 − 1)2 ,

F2(gs) =
3q2
(
4q4 + 7q2 + 4

)
2 (q4 − 1)2 ,

F3(gs) = −10q12 + 27q10 + 54q8 + 62q6 + 54q4 + 27q2 + 10

(q6 − 1)2 ,

(2.20)

where q = eigs/2. Write a computer program which calculates these coefficients, and extract from
them the very first GV invariants of this geometry. Verify the asymptotic behaviour (2.19).

Remark 2.3. There is a special class of toric CY manifolds which can be used to engineer
five-dimensional SU(N) gauge theories [3, 30]. For these manifolds, the gauge theory instanton
partition function (reviewed in N. Nekrasov’s lectures in this school) provides a rearrangement of
the GV expansion which converges for complex gs [31]. However, it is still singular if gs ∈ 2πQ.

2.3 An example: the resolved conifold

Before going on, let us consider what is perhaps the simplest example of a topological string
theory, on the non-compact CY manifold known as the resolved conifold. This manifold is a
plane bundle over the two-sphere:

X = O(−1)⊕O(−1)→ P1. (2.21)

There is a single modulus t, which in the A-model is the (complexified) area of the P1. A direct
calculation of the Gromov–Witten invariants in [25] shows that there is a single non-zero GV
invariant in this geometry, with g = 0 and d = 1, and equal to 1. The all-genus free energy of
the topological string in this case is simply given by

FGV (t; gs) =

∞∑
w=1

1

w

(
2 sin

wgs
2

)2g−2
e−wt. (2.22)

The full free energy differs from this expression in a cubic polynomial in t which is not important
right now. Up to such a polynomial, one finds for the free energies at fixed genus,

F0(t) = Li3(e−t),

F1(t) =
1

12
Li1(e−t),

Fg(t) =
(−1)g−1B2g

2g(2g − 2)!
Li3−2g(e

−t), g ≥ 2.

(2.23)
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These can be obtained from the general expression (2.15) by taking into account that there is
a single non-vanishing GV invariant nd0 = 1. It is easy to see that this series diverges doubly-
factorially, by using the formula

Li3−2g(e
−t) = Γ(2g − 2)

∑
k∈Z

1

(2πki + t)2g−2 , (2.24)

which is valid for Re(s) > 0 and e−t 6= 1.
An even simpler topological string theory can be obtained when we look at the limit of Fg(t)

as t→ 0 and we keep the most singular terms. One finds,

F0(λ) =
λ2

2

(
log(λ)− 3

2

)
+O(1),

F1(λ) = − 1

12
log(λ) +O(1),

Fg(λ) =
B2g

2g(2g − 2)
λ2−2g +O(1), g ≥ 2.

(2.25)

where λ = it. The point t = 0 (or λ = 0) is a special point in the moduli space of the resolved
conifold, in which the area of the P1 shrinks to zero size, and the theory is singular. Such a point
in moduli space is called a conifold point. Conifold points arise generically in the moduli space
of CY manifolds, and they will play an important role in what follows.

2.4 The B model

In the B model, the problem of calculating the free energies is very different, since the twisted
sigma model localizes to constant maps [21], so the calculation is in a sense “classical”. In the
case of genus zero, the problem is completely solved by calculating the periods of the holomorphic
3-form Ω on the CY M , as explained in the pioneering paper [32]. One chooses a symplectic
basis of three-cycles,

AI , BI , I = 0, 1, · · · , s, (2.26)

which satisfy
〈AI , AJ〉 = 〈BI , BJ〉 = 0,

〈AI , BJ〉 = −〈BI , AJ〉 = δIJ ,
(2.27)

where I, J = 0, 1, · · · , s and 〈·, ·〉 is the intersection pairing in H3(M). Integration of Ω over
these cycles gives the A and B periods,

XI =

∫
AI

Ω, FI =

∫
BI

Ω. (2.28)

From here one defines a projective prepotential F by the relations

FI =
∂F

∂XI
. (2.29)

We can now construct the so-called flat coordinates ta as affine coordinates corresponding to the
projective coordinates XI : we choose a nonzero period, say X0, and we consider the quotients

ta =
Xa

X0
, a = 1, · · · , s. (2.30)
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Since the projective prepotential is homogeneous, we can define a quantity F0(t) (called the
prepotential) which only depends on the coordinates ta

F(XI) = (X0)2F0(tt). (2.31)

The prepotential gives the genus zero free energy of the topological string, in the B model. An
important bonus of using the B model is that the genus zero free energy is regarded as a global
function on the moduli space of the CY manifold.

One basic result of mirror symmetry is that, for an appropriate choice of the symplectic
basis of three-cycles, the flat coordinates give the mirror map, i.e. the ta can be regarded as
complexified Kähler coordinates of the mirror manifold to M , which we will denote by M?. For
that choice, the prepotential defined above agrees with the genus zero free energy of the A model
on M?. In particular, the expansion of that prepotential around the large radius point leads to
the GW invariants of the mirror CY.

In the case of the so-called local CY manifolds, which are mirror to toric CY manifolds, the
above construction becomes simpler. In the local case, the equation for the mirror CY is of the
form

uv = P (ex, ey), (2.32)

where P (ex, ey) is a polynomial in the exponentiated variables x, y. There is a precise algorithm
to obtain this polynomial, starting with the description of a toric CY manifold as a symplectic
quotient, see e.g [33, 34]. The geometry of the threefold (2.32) is encoded in the Riemann surface
Σ described by P ,

P (ex, ey) = 0. (2.33)

It can be shown that, in the local case (2.32), the periods of Ω reduce to the periods of the
differential

λ = y(x)dx (2.34)

on the curve (2.33) [3, 33]. In addition, one can set X0 = 1. The flat coordinates ta and the
genus zero free energy F0(t) in the large radius frame are determined by choosing an appropriate
symplectic basis of one-cycles on the curve, αa, βa, a = 1, · · · , gΣ, and one finds

ta =

∮
αa
λ,

∂F0

∂ta
=

∮
βa

λ, i = 1, · · · , gΣ, (2.35)

where gΣ is the genus of the mirror curve. We note that, in general, s ≥ gΣ, and there are
additional s−gΣ moduli of the CY that are obtained by considering in addition residues of poles
at infinity (these additional parameters are sometimes called mass parameters).

Another important consequence of using the B model is that there is in fact an infinite
family of flat coordinates and genus zero free energies, depending on the choice of a basis of three
cycles. Different choices are related by symplectic transformations. This structure is present in
the general, compact case, but in order to make things simpler, I will focus on the local case and
in addition I will assume that gΣ = 1. Then, a symplectic transformation of the cycles induces
the following transformation of the periods,(

∂tF0

t

)
→
(
∂t̃F̃0

t̃

)
=

(
α β
γ δ

)(
∂tF0

t

)
+

(
b
a

)
, (2.36)

where
αδ − βγ = 1. (2.37)
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This transformation is a combination of an SL(2,R) transformation and a shift. The shift is
due to the fact that there is a constant period, independent of the moduli, which can mix with
the non-trivial periods. The genus zero free energy transforms through a generalized Legendre
transform,

F̃0(t̃) = F0(t)− S(t, t̃). (2.38)

The function S(t, t̃) has the form

S(t, t̃) = λt2 + µtt̃+ νt̃2 + ât+ b̂t̃. (2.39)

The coefficients appearing in this polynomial in terms of the parameters appearing in (2.36) by
imposing that F̃0(t̃) is independent of t,

∂F0

∂t
=
∂S

∂t
= 2λt+ µt̃+ â. (2.40)

and by using that

∂F̃0

∂t̃
= −∂S

∂t̃
. (2.41)

By comparing these two equations to the equations for t̃ and ∂t̃F̃0 from (2.36), one eventually
obtains

S(t, t̃) = − δ

2γ
t2 +

1

γ
tt̃− α

2γ
t̃2 − a

γ
t+

(
α

γ
a− b

)
t̃. (2.42)

In this derivation we have assumed that γ 6= 0. The different choices of genus zero free energy
(or of flat coordinate t̃ in (2.35)) are usually called choices of frame. They are all related by this
type of transformations, and they contain the same information.

The local case has additional advantages, since due to the “remodeling conjecture” [9, 35]
(reviewed in the lectures by M. Liu), the higher genus free energies can be obtained through
the topological recursion of Eynard–Orantin [36]. As a consequence of this, it can be shown
that, under a symplectic transformation, the total free energy changes by a generalized Fourier
transform (this was first postulated in [37]). Let us write down the result in the simple case with
gΣ = 1. One has

exp(F̃ (t̃; gs) =

∫
exp

(
F (t; gs)−

1

g2
s

S(t, t̃)

)
dt, (2.43)

where the function S(t, t̃) implementing the transform is given by (2.42). The integral appearing
here has to be understood formally, since the total free energy appearing in the exponent in the
integrand is itself a formal power series. To obtain the transformation properties of the genus g
free energies, we evaluate the integral in the r.h.s. of (2.43) in a saddle point approximation for gs
small. At leading order we recover the generalized Legendre transform (2.38), and in particular
the condition for a saddle point is precisely (2.40). The evaluation at higher orders leads to
explicit transformation properties for the higher genus free energies.

As we mentioned above, in the moduli space of CY manifolds there are generically conifold
loci, which are characterized by the shrinking of a three-cycle with the topology of a three-sphere
S3, and leading to a vanishing period (in the local case we have a vanishing one-cycle in the mirror
curve). Like before, we will restrict for simplicity to CYs with a one-dimensional moduli space,
where a conifold locus is in fact a conifold point. There is a particularly important frame in
topological string theory defined by the property that the local coordinate is a vanishing period
at the conifold point. This frame is called the conifold frame. It turns out that the genus g

– 12 –



free energies in that frame have the universal behaviour (2.25) near the conifold point, for an
appropriate normalization of the vanishing period λ. This is an important property of topological
strings, first noted in [38], where a physical explanation thereof was also proposed. In the case of
the resolved conifold, the conifold coordinate λ coincides (up to a factor of i) with the large radius
coordinate t measuring the size of the P1 in the geometry, but in general they are different, and
related by a non-trivial symplectic transformation. We will see an example in the next section.

2.5 A more complicated example: local P2

In order to better understand the B model approach to topological string theory, it is useful to
look at a rich example. An all-times favourite is the mirror to the local P2 CY manifold. Useful
information on local P2 can be found in many papers, like e.g. [33, 39]. This toric CY is given
by the total space of the canonical bundle of P2,

X = O(−3)→ P2, (2.44)

and appeared in M. Liu’s lectures. The corresponding mirror curve is given by

ex + ey + e−x−y + κ = 0. (2.45)

Here, κ is a complex variable parametrizing the complex structure of the curve. It is also useful
to introduce

z = κ−3. (2.46)

The curve (2.45) is in fact an elliptic curve in exponentiated variables.

Exercise 2.4. Use the transformation

x = −κ
2

+
bY − a/2
X + c

,

y =
a

X + c
.

(2.47)

to put the curve (2.45) in Weierstrass form,

Y 2 = 4X3 − g2X − g3. (2.48)

Calculate g2 and g3, and verify that the discriminant of the curve is given by

∆(κ) =
1 + 27κ3

κ
. (2.49)

The exercise above shows that there are three special points in the curve (2.45). The first
one is z = 0, or κ =∞. As we will see in a moment, this is the large radius point of the geometry,
when the complexified Kähler parameter is large. The second special point is z = ∞, or κ = 0.
This is the so-called orbifold point, where the theory can be described as a perturbed topological
CFT. Finally, we have the point

z = − 1

27
, (2.50)

where the discriminant (2.49) vanishes and the curve is singular. This is a conifold point, similar
to the point t = 0 in the resolved conifold. The moduli space of local P2, with these three special

– 13 –



<latexit sha1_base64="Py9PQVyPSXvUJJp4HqbOyriwzdY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWtB/QLiWbZrehSXabZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rToA15UzSpmGG006iKBYBp+1gdDvz209UaRbLRzNJqC9wJFnICDZW6vQeWCRwP+qXK27VnQOtEi8nFcjR6Je/eoOYpIJKQzjWuuu5ifEzrAwjnE5LvVTTBJMRjmjXUokF1X42v3eKzqwyQGGsbEmD5urviQwLrScisJ0Cm6Fe9mbif143NeG1nzGZpIZKslgUphyZGM2eRwOmKDF8YgkmitlbERlihYmxEZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCAQ7P8Apvzth5cd6dj0VrwclnjuEPnM8f6e+P6A==</latexit>

⌃g

<latexit sha1_base64="zEAW6iYTrlnGL/3K/+0e37+hKE0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ifjNw=</latexit>

M

<latexit sha1_base64="F+pqG1ut4tBIt6Xs4A5cQ5iTyjU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHiOYByRJmJ5NkyOzsMtMrxCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0c3Ubz5ybUSkHnAccz+kAyX6glG00v3TldstltyyOwNZJl5GSpCh1i1+dXoRS0KukElqTNtzY/RTqlEwySeFTmJ4TNmIDnjbUkVDbvx0duqEnFilR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfYv/VSoOEGu2HxRP5EEIzL9m/SE5gzl2BLKtLC3EjakmjK06RRsCN7iy8ukcVb2KuXK3Xmpep3FkYcjOIZT8OACqnALNagDgwE8wyu8OdJ5cd6dj3lrzslmDuEPnM8f3RGNig==</latexit>

z = 0

<latexit sha1_base64="7uW9zzkGW7sJr8byaSJU+r5dLh0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxjJTpHUjFN24rGAf0I4lk6ZtaCYZkoxSh/6HGxeKuPVf3Pk3pu0stPVA4HDOudybE0ScaeO6305mZXVtfSO7mdva3tndy+8fNLSMFaF1IrlUrQBrypmgdcMMp61IURwGnDaD0fXUbz5QpZkUd2YcUT/EA8H6jGBjpfuny7PE60ibQKXKpJsvuEV3BrRMvJQUIEWtm//q9CSJQyoM4VjrtudGxk+wMoxwOsl1Yk0jTEZ4QNuWChxS7SezqyfoxCo91JfKPmHQTP09keBQ63EY2GSIzVAvelPxP68dm/6FnzARxYYKMl/UjzkyEk0rQD2mKDF8bAkmitlbERlihYmxReVsCd7il5dJo1T0ysXy7XmhepXWkYUjOIZT8KACVbiBGtSBgIJneIU359F5cd6dj3k046Qzh/AHzucPS0eRvw==</latexit>

z = � 1

27

<latexit sha1_base64="+z5VWnIUFpJ21Xsca50daidOoo0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1YtQ9OKxgv2ANpTNdtMu3Wzi7kSIoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zM82PBNTrOt1VYWV1b3yhulra2d3b3yvsHLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++Gbqtx+Z0jyS95jGzAvJUPKAU4JG6jxd9bgMMO2XK07VmcFeJm5OKpCj0S9/9QYRTUImkQqiddd1YvQyopBTwSalXqJZTOiYDFnXUElCpr1sdu/EPjHKwA4iZUqiPVN/T2Qk1DoNfdMZEhzpRW8q/ud1EwwuvYzLOEEm6XxRkAgbI3v6vD3gilEUqSGEKm5utemIKELRRFQyIbiLLy+T1lnVrVVrd+eV+nUeRxGO4BhOwYULqMMtNKAJFAQ8wyu8WQ/Wi/VufcxbC1Y+cwh/YH3+ACndkBI=</latexit>z = 1

Figure 2. The moduli space of local P2, with the three special points z = 0 (large radius), z = −1/27
(conifold) and z =∞ (orbifold).

points, is represented in Fig. 2. The upper hemisphere including the large radius point can be
regarded as the “geometric” phase of the model, where the topological string can be represented
in terms of embedded Riemann surfaces. In the lower hemisphere, around the orbifold point,
the Gromov–Witten expansion around z = 0 does no longer converge, and one should use a
more abstract picture in terms of a perturbed topological CFT coupled to gravity. See [40] for a
discussion of the physics and mathematics of these moduli spaces.

The periods (2.35) are functions of z. The most convenient way to calculate these periods,
as is well-known in mirror symmetry, is to find an ODE, or Picard–Fuchs (PF) equation, satisfied
by all the periods. In the case of local P2, the PF equation reads [33](

θ3 − 3z(3θ + 2)(3θ + 1)θ
)

Π = 0, (2.51)

where

θ = z
d

dz
(2.52)

and Π is a period. This equation has three independent solutions at z = 0, which can be calculated
explicitly with the Frobenius method: a trivial, constant solution, a logarithmic solution $1(z),
and a double logarithmic solution $2(z). If we introduce the power series,

$̃1(z) =
∑
j≥1

3
(3j − 1)!

(j!)3
(−z)j ,

$̃2(z) =
∑
j≥1

18

j!

Γ(3j)

Γ(1 + j)2
{ψ(3j)− ψ(j + 1)} (−z)j ,

(2.53)

where ψ(z) is the digamma function, we have that

$1(z) = log(z) + $̃1(z),

$2(z) = log2(z) + 2$̃1(z) log(z) + $̃2(z).
(2.54)

It is easy to see that the series in (2.53) have a radius of convergence |z| = 1/27, determined by
the position of the conifold point. One can write $̃1(z) as a generalized hypergeometric function,

$̃1(z) = −6z 4F3

(
1, 1,

4

3
,
5

3
; 2, 2, 2;−27z

)
. (2.55)
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We can now ask which combinations of the periods above lead to the complexified Kähler pa-
rameter and genus zero free energy determining the Gromov–Witten expansion (2.4). It turns
out that the single logarithmic solution gives t, while the double logarithmic solution leads to
the derivative of F0(t) (up to an overall factor). More precisely, we have

t = −$1(z), ∂tF0(t) =
$2(z)

6
. (2.56)

Note that as z → 0, we have e−t ∼ z → 0, and this is the large radius limit, as we mentioned
before. From (2.56) we can compute the genus zero free energy as

F0(t) =
t3

18
+ 3e−t − 45

8
e−2t +

244

9
e−3t − 12333

64
e−4t +O(e−5t). (2.57)

Exercise 2.5. Derive (2.57) from (2.53), (2.54) and (2.56). Verify the result with the topological
vertex expansion in Exercise 2.2.

The choice of cycles above defines the large radius frame. Let us now consider the conifold
frame. In order to construct it, we have to find an appropriate conifold coordinate. This must be
a combination of periods vanishing at the conifold point and having good local properties there.
In the case of local P2, this coordinate is given by

λ(z) =
1

4π

(
ωc(z)− π2

)
, (2.58)

where
ωc(z) = log2(−z) + 2 log(−z)$̃1(z) + $̃2(z). (2.59)

The conifold frame is then defined by the relation

∂F c0
∂λ

= −2π

3
t± 2π2i

3
,

λ =
3

2π
∂tF0 ±

i

2π
t− π

2
.

(2.60)

The second relation is of course a consequence of (2.58). The choices of signs in (2.60) are
correlated with the choice of branch cut of log(z) for −1/27 < z < 0, and they have been made
in such a way that λ and ∂λF

c
0 are real in that interval. The genus zero free energy in the conifold

frame can be computed explicitly and it has the form,

F c0 (λ) =
1

2
λ2

(
log

(
λ

35/2

)
− 3

2

)
− λ3

36
√

3
+

λ4

7776
+

7λ5

87480
√

3
− 529λ6

62985600
+O

(
λ7
)
. (2.61)

This is precisely the universal behavior obtained in (2.25) for the genus zero free energy (we have
chosen the normalization of λ so that it agrees with the canonical conifold coordinate, leading
to the first equation in (2.25)). With some additional work, one can check that the higher genus
free energies satisfy as well (2.25). As an example, the genus one and two free energies have the
local expansion,

F c1 (λ) = − 1

12
log(λ) +

5λ

72
√

3
− λ2

7776
− 5λ3

17496
√

3
+

283λ4

8398080
− 43λ5

5668704
√

3
+O

(
λ6
)
,

F c2 (λ) = − 1

240λ2
+

λ

6480
√

3
− 3187λ2

125971200
+

239λ3

28343520
√

3
− 19151λ4

28570268160
+O

(
λ5
)
.

(2.62)

As we will see later, we will be able to recover these series (and more) from a non-perturbative
definition of the topological string on local P2.
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3 Resurgence and topological strings

Since the sequence of topological string free energies Fg(t) is factorially divergent, one can have
a first handle on non-perturbative aspects by using the theory of resurgence (a short review of
this theory can be found in the Appendix). This program was first proposed in [35, 41, 42], and
it has experienced many interesting developments in recent years. The first thing we can ask is:
what is the resurgent structure of the topological string? The resurgent structure, as we recall in
the Appendix, is the collection of the Borel singularities of the Borel transform, together with the
trans-series associated to them, and the Stokes constants. Modulo some assumptions on endless
analytic continuation of the Borel transform, this is a well posed mathematical problem with a
unique answer. The resurgent structure gives the collection of all non-perturbative sectors of the
theory which can be obtained from the study of perturbation theory. From the point of view of
physics, this gives candidate trans-series that complement the perturbative series and that can
be used to obtain non-perturbative answers via Borel resummation. However, as we will see, the
resurgent structure is interesting in itself, since the Stokes constants turn out to be, conjecturally,
non-trivial invariants of the CY: the Donaldson–Thomas (DT) or BPS invariants.

3.1 Warm-up: the conifold and the resolved conifold

The problem of determining the resurgent structure of the topological string free energies is very
difficult, due to the lack of explicit expressions for the genus g free energies. There are however
two cases where one can determine this structure analytically: the conifold free energies (2.25),
i.e. the leading singularities of the topological string free energy near a conifold singularity, and
the free energies of the resolved conifold (2.23). These two examples were first worked out by S.
Pasquetti and R. Schiappa in [43] and they turn out to be fundamental ingredients in the full
theory.

Let us start with the conifold free energies. We consider the formal power series

ϕ(z) =
∑
g≥2

a2gλ
2−2gz2g−2, a2g =

B2g

2g(2g − 2)
. (3.1)

It turns out to be more convenient to use the Borel transform (A.3). One finds,

ϕ̃(ζ) =
∑
g≥2

a2g

(2g − 3)!
ζ2g−3 =

∑
g≥2

B2g

2g(2g − 2)!
λ2−2gζ2g−3

=
1

ζ

− 1

12
+
λ2

ζ2
− 1

4 sinh2
(
ζ

2λ

)
 .

(3.2)

Note that ϕ̂(ζ) is a primitive of this function, and this is why it is difficult to obtain an explicit
expression for it.

The singularities of the Borel transform occur at the imaginary axis, and they are located at

ζ = 2πi`λ, ` ∈ Z\{0}. (3.3)

They are double poles. Let us consider the Stokes ray going through the singularities with ` > 0,
at the angle θ = π/2. The discontinuity of the lateral Borel resummations for that angle is simply
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computed by the sum of residues at those poles

s+(ϕ)(z)− s−(ϕ)(z) = −2πi
∞∑
`=1

Resζ=2πi`λ

(
ϕ̃(ζ)e−ζ/z

)
=

i

2π

∑
`≥1

{
1

`

(A
z

)
+

1

`2

}
e−`A/z,

(3.4)

where
A = 2πiλ. (3.5)

If we consider the singularities in the negative imaginary axis, we find the same result, but with
negative `. By comparing the second line in (3.4) to (A.16), we can read the trans-series:

ϕ`A(z) =
1

2π

{
1

`

(A
z

)
+

1

`2

}
e−`A/z, ` ∈ Z\{0}. (3.6)

From now on we will focus on the trans-series for positive `, although the results can be extended
to the ones with negative `. We will normalize these trans-series as in (3.6), therefore in (3.4) the
corresponding Stokes constant is one. In more complicated CY manifolds there are amplitudes
of the form (3.6) with non-trivial Stokes constants, as we will see in a moment.

From a physicist perspective, the second line of (3.4) looks like a sum over multi-instantons
with action A. We will refer to (3.6) as a Pasquetti–Schiappa instanton amplitude, with action
A. The expansion around each instanton is truncated at next-to-leading order in the coupling
constant z (which should be identified with the string coupling constant gs). The sum over ` > 0
can be performed in closed form and one finds,(

Sπ/2 − 1
)

(ϕ) =
i

2π

{
Li2

(
e−A/z

)
− A
z

log
(

1− e−A/z
)}

= log Φ1

(
− A

2πz

)
. (3.7)

In the last step we have used (B.12) to identify this function as Faddeev’s non-compact quantum
dilogarithm Φb(x), evaluated at b = 1. Faddeev’s quantum dilogarithm is a remarkable special
function introduced in [44], which appears in many contexts in modern mathematical physics.
In the Appendix B we list some of its properties, which will be also useful in section 4. Since
Sπ/2 is an automorphism its action on Zcon = eϕ is given by the multiplicative action

Sπ/2 (Zcon) = Φ1

(
− A

2πz

)
Zcon. (3.8)

Remark 3.1. Writing the Stokes automorphism in terms of Faddeev’s quantum dilogarithm
allows for a compact notation, but there is a deeper reason for it. In the local case, the topological
string admits a deformation or refinement by using the so-called Omega background [30, 45]. This
deformation can be parametrized by a complex number b, and the undeformed or unrefined case
corresponds to the value b = 1. It turns out that the formula (3.7) admits a generalization to
the refined a case, in which the r.h.s. involves Faddeev’s dilogarithm for arbitrary b, see [46] for
the details.

As we mentioned above, the results for the conifold are very useful, and make it possible
to obtain the trans-series for the resolved conifold immediately. The reason is that, thanks to
(2.24), we can write the resolved conifold free energies as an infinite sum of conifold free energies:

Fg(t) =
∑
m∈Z

B2g

2g(2g − 2)
(it+ 2πm)2−2g , g ≥ 2. (3.9)
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The trans-series are again of the Pasquetti–Schiappa form, but now the action is labelled by an
additional integer number m, and is given by

Am = 2πt+ 4π2im, m ∈ Z. (3.10)

There is a simple extension of this result which is also useful. Let us consider the expression
(2.15) for g ≥ 2, which is valid near the large radius point Re(ti) � 1. The first term in the
parentheses is identical to the free energy for the resolved conifold, and it is easy to see that it
is the only term growing factorially. Therefore, we expect that, close enough to the large radius
point, we will have a sequence of Borel singularities at

Ad,m = 2πd · t + 4π2im, m ∈ Z, (3.11)

where d are the values of the degrees which lead to a non-zero Gopakumar–Vafa invariant nd0 .
The trans-series associated to these singularities are of the form

nd0 ϕ`Ad,m
(gs). (3.12)

Therefore, nd0 (which is an integer) has to be interpreted as the Stokes constant associated to the
sequence of singularities (3.11), and the corresponding Stokes automorphism can be written as

S (ZLR) =

[
Φ1

(
− A

2πz

)]nd
0

ZLR, (3.13)

where A is given by (3.11), and we have denoted the partition function in the large radius frame
by ZLR.

Exercise 3.2. Let us consider the constant map contribution (2.7). Show that it can be written
as

cg = − B2g

2g(2g − 2)

∞∑
m=1

(2πm)2−2g (3.14)

Deduce that, if

ϕ(z) =
∑
g≥2

cgz
2g−2, (3.15)

one has the discontinuity formula

s+(ϕ)(z)− s−(ϕ)(z) = − i

2π

∑
`≥1

σ(`)

{
1

`

(A
z

)
+

1

`2

}
e−`A/z, (3.16)

where

A = 4π2i, σ(`) =
∑
m|`

(
`

m

)2

. (3.17)

This result was derived in [47] with a different technique.
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3.2 The general multi-instanton trans-series

In the examples of Stokes automorphisms considered so far, the location of the Borel singularities
for the free energies or partition function had the following property: A was given by the flat
coordinate of the frame in which we were computing the partition function (up to a shift by a
constant). However, we expect A to be given by a linear combination of periods of the CY. In
other words, and restricting ourselves to the local case with gΣ = 1 for simplicity, we expect to
have

A = c
∂F0

∂t
+ dt+ 4π2im, m ∈ Z. (3.18)

This principle was first stated in [48], based on previous insights on instantons in matrix models
[49]. Additional arguments and evidence for this principle were given in [39, 50]. In addition
it was emphasized in [47] that, with appropriate normalizations, Borel singularities are integer
linear combinations of periods. This means that c and d in (3.18) are universal constants, times
integers.

Let us now give a simple argument for obtaining the trans-series associated to a more general
Borel singularity, of the form (3.18) with c 6= 0. Let us suppose that there is a frame where A
is the flat coordinate t̃. This frame is called in [46, 47] an A-frame. We will also assume that in
this frame the Stokes automorphism is purely multiplicative,

S(Z(t̃)) = exp

[
iΩ

2π

(
Li2

(
e−A/gs

)
− A
gs

log
(

1− e−A/gs
))]

Z(t̃). (3.19)

Here, Ω is an Stokes constant. We know from (3.7) that this formula is true for the Borel
singularity at the conifold frame, with Ω = 1, and for the Borel singularities (3.11) at large
radius, with Ω = nd0 (additional cases where this happens are discussed in [47].) The general
A-frame is defined by the transformation(

∂t̃F̃0

t̃

)
=

(
A B
c d

)(
∂tF0

t

)
+

(
σ

4π2im

)
, (3.20)

where A, B are such that Ad−Bc = 1, and σ is a shift. We can now invert this transformation
and use the general formula (2.42), to find

S(t̃, t) = − tt̃
c

+
d

2c
t2 +

4π2im

c
t+ s(t̃), (3.21)

where

s(t̃) =
A

2c
t̃2 +

(
σ − 4π2im

A

c

)
t̃. (3.22)

The partition functions are then related by (2.43). We note that we can write

Z(t) = exp

(
− d

2cg2
s

t2 − 4π2im

cg2
s

t

)
Ẑ(t), (3.23)

where

Ẑ(t) =

∫
Z(t̃) exp

(
tt̃

cg2
s

+
s(t̃)

g2
s

)
dt̃. (3.24)

We will now assume that the Stokes automorphism acting on Z(t) is obtained as a Fourier
transform of the Stokes automorphism acting on Z(t̃). This is very natural, since the action on
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the Stokes automorphism can be regarded as a trans-series generalization of the perturbative
partition function, and the Fourier transform acting on the perturbative sector extends naturally
to the full trans-series. We then have

S(Z(t)) =

∫
S(Z(t̃))e−S(t,t̃)/g2sdt̃ = exp

(
− d

2cg2
s

t2 − 4π2im

cg2
s

t

)[
Φ1

(
−gsc

2π
∂t

)]Ω
Ẑ(t). (3.25)

We have used here the standard property that insertions of t̃ inside the Fourier transform can be
traded by derivatives. We can also write this as

S(Ẑ(t)) =
[
Φ1

(
−gsc

2π
∂t

)]Ω
Ẑ(t). (3.26)

This formula was derived in [47, 51, 52] by using a more complicated method based on the
holomorphic anomaly equations of [20], which has the advantage that it applies to compact CY
manifolds as well. The derivation presented here, in a slightly less general form, can be found in
[53].

We can write (3.26) more explicitly as

SC(Ẑ(t)) = exp

[
iΩ

2π

(
Li2

(
Ce−cgs∂t

)
− cgs∂t log

(
1− Ce−cgs∂t

))]
Ẑ(t), (3.27)

where we have introduced a parameter C to keep track of the order of the exponential corrections.
By expanding the r.h.s. of this equation in powers of C we find

Ẑ(t) +
iΩ

2π
C
(

1 + cgs∂tF̂ (t− cgs; gs)
)

eF̂ (t−cgs;gs) + · · · (3.28)

We can introduce the multi-instanton sectors of the free energy as∑
`≥0

C`F (`)(t; gs) = −i log (SC(Z(t))) , (3.29)

and we find that the first instanton sector is

F (1)(t; gs) =
Ω

2π

(
1 + cgs∂tF̂ (t− cgs; gs)

)
eF̂ (t−cgs;gs)−F̂ (t;gs). (3.30)

Higher instanton sectors can be obtained in a straightforward way. Let us make some comments
on the structure of this formula. First of all, the total free energy F̂ (t; gs) differs from F (t; gs)
only in its genus zero piece, i.e. we have

F̂0(t) = F0(t) +
d

2c
t2 +

4π2im

c
t, (3.31)

and is such that

A = c
∂F̂0(t)

∂t
. (3.32)

In particular, the exponential factor in (3.30) has the gs expansion

exp
(
F̂ (t− cgs; gs)− F̂ (t; gs)

)
= e−A/gs (1 +O(gs)) , (3.33)

which indicates the non-perturbative character of (3.30). The exponent in (3.33) can be inter-
preted as the difference between the free energies of two different backgrounds, represented by
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two different moduli of the CY: the background t of the perturbative sector, and the background
t − cgs, in which we shift t. It is easy to see that in the `-th instanton sector the shift is given
by t − `cgs. Since, with the appropriate normalizations, c is an integer, this suggests that t is
“quantized” in units of gs. Such a quantization is typical of topological string theories described
by matrix models or field theories, in which the CY modulus is interpreted as a ’t Hooft parame-
ter and has the form Ngs, where N is the rank of the matrix model [8, 10, 12]. We will elaborate
on this in section 4.

The result above for the Stokes automorphism is valid for local CY manifolds with a single
modulus, but it has an obvious generalization to general CYs [52]. In the general case, the
analogue of the expression (3.18) for the location of a Borel singularity is simply

A = cIFI + dIX
I , (3.34)

where summation over the repeated indices is understood. If all cI = 0, the Stokes automorphism
is given by the formula (3.19). If not all cI vanish, one first defines a new genus zero free energy
by

A = cI
∂F̂0

∂XI
, (3.35)

as in the local case. It can be written as

F̂0(XI) = F0(XI) +
1

2
aIJX

IXJ , aIJc
I = dJ , (3.36)

which is the counterpart of (3.31) (the final formulae will not depend on the choice of aIJ , but
only on cI , dJ .) One also has to define a new genus one free energy

F̂1 = F1 −
( χ

24
− 1
)

logX0, (3.37)

where we recall that χ is the Euler characteristic of the CY M . This is a new ingredient in the
compact case which was found in [47]. The redefinitions of the genus zero and one free energies
lead to a new total free energy which will be denoted by F̂ (XI ; gs). It is given by

F̂ (XI ; gs) = g−2
s F̂0(XI) + F̂1(XI) +

∑
g≥2

g2g−2
s Fg(X

I). (3.38)

Then, one has the following generalization of (3.27),

SC(Ẑ) = exp

[
iΩ

2π

(
Li2

(
Ce−gscI∂I

)
− gs log

(
1− Ce−gscI∂I

)
cI∂I

)]
Ẑ, (3.39)

where we have denoted Ẑ = eF̂ , and

∂I =
∂

∂XI
. (3.40)

3.3 BPS states and the resurgent structure of topological strings

We have now general results for the trans-series associated to the different Borel singularities,
but we still need to know the precise location of the singularities and the corresponding Stokes
constants.

The positions of the Borel singularities for the topological string free energies depend on
the value of the moduli of the CY. As we move in moduli space, the singularities change their
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position and sometimes change discontinuously. This phenomenon was first observed in [54], in
the resurgent structure of quantum of WKB periods associated to the Schrödinger equation. This
discontinuous change will be referred to as wall-crossing, since it is indeed related to wall-crossing
phenomena for BPS states in supersymmetric gauge theory [55–57], as reviewed in A. Neitzke
lectures, and in the theory of Donaldson–Thomas invariants [58].

In the theory of BPS states or Donaldson–Thomas invariants on a CY threefold, the BPS
states are characterized by a charge γ ∈ Γ, where Γ is an appropriate lattice. For example, for
a compact CY threefold M in the A-model one has

Γ = Hev(M,Z), (3.41)

and its rank is 2(s + 1), where we recall that s = h1,2(M). If we choose a basis for this lattice
we can write γ in terms of two pairs of vectors of rank s + 1 with integer entries, γ = (cI , dI),
where I = 0, 1, · · · , s. We can think of c0, d0 as D6 and D0 brane charges, respectively, and of
ca, da, a = 1, · · · , s, as D4 and D2 brane charges. The central charge corresponding to such an
element of Γ is given by

Zγ = cIFI + dIX
I , (3.42)

where summation over the repeated indices is understood. Let us note that, in the case of toric
CY manifolds, D6 branes decouple, and the charge γ is specified by 2s+ 1 integers which we will
denote by ca, da and m, with a = 1, · · · , s. The central charge reads then

Zγ = ca
∂F0

∂ta
+ dat

a + 4π2im. (3.43)

Given a point in moduli space, one can define BPS or DT invariants associated to a charge γ,
which we will denote by Ωγ . The spectrum of BPS states is the set of charges γ for which Ωγ 6= 0.

A very simple example of BPS spectrum and invariants occurs in Seiberg–Witten (SW)
theory [55]. In this framework, the theory is associated to a local CY manifold described by a
curve

y2 + 2 cosh(x) = 2u. (3.44)

We note that the variable x appears in exponentiated form, but not the variable y. The moduli
space is parametrized by the complex number u (this is the famous u-plane of SW theory), and
there are two independent periods which can be chosen to be

a(u) =
2
√

2

π

√
u+ 1E

(
2

u+ 1

)
,

aD(u) =
i

2
(u− 1)2F1

(
1

1
,
1

2
, 2;

1− u
2

)
.

(3.45)

The lattice of charges here has rank two, and we will denote

γ = (γe, γm), (3.46)

where γe,m refers to the electric (respectively, magenetic) charge. Then, the central charge is
given by

Zγ(u) = 2π (γea(u) + γmaD(u)) , (3.47)

where we have introduced an appropriate normalization factor 2π for the periods. The spectrum
of BPS states in this theory has been investigated intensively, see e.g. [55–57, 59], and has been
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Figure 3. The curve of marginal stability in the u-plane, defined by the equation (3.48).

described in detail in the lectures by A. Neitzke in this school. First of all, the spectrum depends
on the value of the modulus u. Inside the so-called curve of marginal stability, defined by

Im
(aD
a

)
= 0, (3.48)

we have the so-called strong coupling spectrum: the only stable states have charges γM = (0, 1)
(a magnetic monopole) and γD = (1, 1) (a dyon). Outside this curve, we have the so-called weak
coupling spectrum, consisting of a W -boson and a tower of dyons, with charges, respectively,

γW = (1, 0), γn = (n, 1), n ∈ Z. (3.49)

See Fig. 3 for a plot of the curve of marginal stability in the u-plane. States with charges −γ
also belong to the spectrum. The corresponding DT invariants have the values

Ω(0,1) = Ω(1,1) = 1, (3.50)

in the strong coupling region, while in the weak coupling region we have

Ω(n,1) = 1, Ω(1,0) = −2. (3.51)

We can now propose the following description of the resurgent structure of the topological
string free energies.

1. The total topological string free energy in a given frame is a resurgent function. Its Borel
singularities are integer linear combinations of the CY periods, as in (3.34). We note that
these singularities are determined by a charge vector γ, and their location is given by the
central charge (3.42) of a BPS state with the same charge vector (up to a normalization).

2. The singularities display a multi-covering structure: given a singularity A, all its integer
multiples `A, ` ∈ Z\{0}, appear as singularities as well. The Stokes automorphism for the
singularities occurring along a half-ray `A, ` ∈ Z>0 is given by (3.19) (for the case in which
all cI = 0) or (3.39) (for the case in which not all cI vanish).
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3. The Stokes constant Ω appearing in these Stokes automorphisms is the BPS or DT invariant
Ωγ associated to the BPS state with central charge A.

This conjecture concerns the resurgent structure of the topological string free energies in a fixed
frame. However, it follows from the description that the Borel singularities and Stokes constant
do not depend on the frame. Let us clarify this point. The free energies in a given frame Fg are not
globally defined on the moduli space, and they are analytic only on a region, typically centered
around a special point, like the large radius point or the conifold point. At a point in the moduli
space where the free energies in two different frames are well-defined, they have conjecturally the
same resurgent structure, determined by the BPS structure at that point. However, the form of
the Stokes automorphism might be different, depending on whether the frame is an A-frame or
not.

Note that this picture is natural from the point of view of the generalized Fourier transform:
we can gather the information on the resurgent structure in a trans-series, i.e. in a collection
of non-perturbative corrections to the perturbative partition function. The Stokes constants are
coefficients in this trans-series, and the location of the Borel singularities can be read from the
exponentially small terms in gs. Under a change of frame, the full trans-series transforms under
a generalized Fourier transform. This does not change the coefficients of the trans-series, nor the
exponentially small terms in gs, as we saw in e.g. (3.33).

This conjecture above was built up in various works. The construction of explicit trans-series
was started in [43] for the conifold and the resolved conifold. It was extended to the local case
in [39, 50, 51], and to the general case in [47]. A compact formula for the Stokes automorphism
based on these developments was worked out in [52]. The connection between Stokes constants
and BPS invariants was anticipated in [60], and stimulated by a similar connection discovered in
complex Chern–Simons theory in [61–63]. A first formulation of this conjecture was presented
in [64], which was later clarified in [53] in the light of the conjecture above. The conjecture was
noted to hold for the resolved conifold in [65–67], and extended to more general cases in [47, 51].
The formulation above can be found in [46, 52, 53] (in addition, [46] the conjecture is generalized
to the refined topological string).

There is both direct and indirect evidence for this conjecture.

1. One first piece of direct evidence is the following. As shown in (3.11), (3.13), Borel singu-
larities with charges γ = (0, dI), therefore corresponding to D2-D0 bound states, appear
at large radius. Their Stokes constants are given by nd0 , where d = (d1, · · · , ds) are the
D2 charges. This is precisely the DT invariant for a D2-D0 BPS state (see e.g. [68]). In
addition, the behavior of the free energies in the conifold frame near the conifold locus in-
dicates that in this region there is a D4-D0 bound state with DT invariant equal to 1. This
is also expected, since the conifold behavior of the free energies that we have considered is
due to a single hypermultiplet becoming massless at the locus [69, 70].

2. Indirect evidence for the conjecture comes from comparison with a different line of work,
studying the geometry of the hypermultiplet moduli space in CY compactifications (see [68]
for a review). One of the things which is found in this study is that there is a natural action
of the so-called Kontsevich–Soibelman automorphisms on the topological string partition
function [71, 72]. This action turns out to be identical to the Stokes automorphism that
we have just described, provided the Stokes constants are identified with DT invariants.

3. There is additional indirect evidence for the above conjecture for local CY manifolds. In
the local case one can consider WKB, or quantum periods associated to the quantum
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Figure 4. The Borel singularities of F(t) in Seiber–Witten theory, inside the curve of marginal stability
with u = 1/2 (left), and outside the curve with u = 5/2 (right). The black dots in the figure in the left
occur at the values 2πaD, 2π(a+aD), and corresponds to the monopole and dyon state, respectively. The
black dots in the figure in the right occur at the value 2πa (on the positive real axis), corresponding to the
W -boson, at the value 2πaD (on the imaginary axis), corresponding to the manopole, and at the values
2π(a ± aD) (above and below the positive real axis, respectively). The latter correspond to the dyons
(1,±1), which are the first states in the tower.

version of the curve (2.33), in which x, y are promoted to canonically commuting Heisenberg
operators (we will come back to this subject in section 4). These periods define a different
topological string theory, usually called the Nekrasov–Shatashvili (NS) topological string [6].
The quantum periods associated to the quantum mirror curve are also factorially divergent
power series, and one can study their resurgent structure (see e.g. [73] for references to the
extensive literature on the subject). In [74] it was argued that, in the local case, the Stokes
constants appearing in the resurgent structure of the standard topological string are the
same ones appearing in the resurgent structure of the quantum periods. The latter should
be directly related to DT invariants, as expected from the 4d results of [57, 75, 76].

Additional evidence for the conjecture comes from direct comparisons between calculations
of Stokes constants in the resurgent structure of the topological string, and calculations of BPS
invariants. As we saw above, one of the simplest examples of a BPS spectrum and invariants
is the one appearing in SW theory, which displays already a non trivial wall-crossing structure.
One can associate to this theory a sequence of topological string free energies Fg, g ≥ 0, in many
different ways, e.g. by considering topological recursion as applied to the SW curve (3.44). Can
we match the BPS structure to the resurgent structure of these topological string free energies?
This was answered in the affirmative in [53], by a numerical study of the sequence of free energies
Fg. It is convenient to do this in the so-called magnetic frame, in which the flat coordinate is
chosen to be t = −iaD(u) (we recall that aD(u) is defined in (3.45)). If the conjecture above is
correct, we should find a very different structure of singularities in the Borel plane depending on
whether u is inside or outside the curve of marginal stability. Inside the curve, we should find
two Borel singularities (together with their reflections), corresponding to the monopole and dyon
states. Outside the curve, we should find the monopole, the W particle, and a tower of dyons.
This is precisely what is obtained in a numerical analysis, as shown in Fig. 4. Since this is a
numerical approximation, we only see the dyons in the tower whose central charges are closer to
the origin. In addition, a detailed numerical calculation confirms the values of the DT invariants
(3.50), (3.51).
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4 Topological strings from quantum mechanics

In this final section we will explore the question of finding a non-perturbative completion of
the topological string, i.e. of finding a well-defined function whose asymptotics reproduces the
perturbative free energy as its asymptotic series. Let us note that, under some mild assumptions,
one can obtain non-perturbative completions by just considering (lateral) Borel resummations
of the asymptotic series. One can enrich this simple completion by adding trans-series. Since
general trans-series have arbitrary coefficients, the resurgent analysis of the previous section gives
an infinite family of completions. Reality constraints can restrict the values of these coefficients,
but it is clear that we need some additional physical input in order to make progress and select
a specific non-perturbative completion.

In physical theories, the ultimate arbiter on the correct non-perturbative completion should
be comparison to experiment. In topological string theory we don’t have such an arbiter, so we
can indulge in being guided by beauty, without incurring the risk of being harangued by Sabine
Hossenfelder on how to do good science [77]. In this section we will consider a non-perturbative
completion which is mathematically non-trivial and beautiful. It is motivated by deep physical
insights, related to large N dualities and to the quantization of geometry.

4.1 Warm-up: the Gopakumar–Vafa duality

Perhaps the simplest non-perturbative completion of a topological string free energy is the GV
duality between the resolved conifold and Chern–Simons theory on the three-sphere [10]. It
displays some of the properties of the more general non-perturbative completion that we will
introduce in this section, so we will present a brief summary. A more complete treatment can be
found in [15, 78].

The inspiration for [10] came from large N dualities between gauge theories and string
theories. This is an old idea that goes back to the work of ’t Hooft on the 1/N expansion and
was later implemented in the AdS/CFT correspondence. According to these dualities, a gauge
theory with gauge group U(N) and gauge coupling constant gs is equivalent to a string theory
with the same coupling constant and a geometric modulus proportional to the so-called ’t Hooft
coupling of the gauge theory, gsN . Since the modulus is given by a positive integer, times the
coupling constant, it is in a sense “quantized” (a similar phenomenon was already noted in the
formula (3.30)). We can consider the so-called ’t Hooft limit

N →∞, gs → 0, Ngs fixed. (4.1)

As N becomes large, the discreteness of the ’t Hooft parameter should become inessential. More
precisely, we expect that in the ’t Hooft limit a geometric, continuous description of this parameter
will emerge, so that we can identify it with a modulus. We also expect that the observables of
the theory will have an asymptotic expansion in inverse powers of 1/N , or 1/N expansion. For
example, in the case of the the vacuum free energy of the gauge theory, we have the 1/N expansion

F (gs, N) ∼
∑
g≥0

Fg(t)g
2g−2
s . (4.2)

The quantities Fg(t) are interpreted as genus g free energies in a string theory.

In [10], Gopakumar and Vafa considered U(N) Chern–Simons theory, a topological field
theory in three dimensions studied and essentially solved by Witten in [79]. Witten found in
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particular a closed formula for the free energy of this theory on the three-sphere S3, which reads,

ZCS(gs, N) =
( gs

2π

)N/2 N−1∏
j=1

(
2 sin

gsj

2

)N−j
. (4.3)

A relatively simple computation done in [10] and reviewed in [15] shows that this free energy has
an asymptotic expansion of the form (4.2), with

FCS
0 (t) = − t

3

12
+
πi

4
t2 +

π2t

6
− ζ(3) + Li3(e−t),

FCS
1 (t) = − t− πi

24
+ ζ ′(−1) +

1

12
log gs +

1

12
Li1(e−t),

FCS
g (t) = 2cg +

(−1)g−1B2g

2g(2g − 2)!
Li3−2g(e

−t), g ≥ 2.

(4.4)

In these equations,

t = igsN, (4.5)

and cg is given in (2.7). These are the free energies of the resolved conifold (2.23), up to a
polynomial piece in t which can be regarded as the perturbative part of the free energy. Therefore,
at least at the level of free energies, there is a large N duality between topological strings on the
resolved conifold, and U(N) Chern–Simons gauge theory on the three-sphere.

Let us note that the exact CS free energy is a function of a positive integer N and of a
parameter gs. In the original CS theory, gs is real and is related to the so-called CS level k ∈ Z
by the equation

gs =
2π

k +N
. (4.6)

The expression (4.3) makes sense in principle for any complex value of gs, although the free
energy is singular for some special values of gs. On the other hand, in the topological string
side, the ’t Hooft parameter is identified with a complexified Kähler parameter and it can be any
complex number, as long as Re(t) > 0 (in fact, one can consider more general values of t by a so-
called flop transition to a different CY phase). The non-perturbative completion provided by the
gauge theory is in principle restricted to values of gs of the form (4.6), and values of t for which
t/gs = iN . This is sometimes interpreted as saying that the continuous or geometric description
“emerges” in the large N limit, out of a microscopic description which is not geometric -somewhat
similarly to the continuous or fluid description of a many-particle system in the thermodynamic
limit.

Another interesting observation is that the partition function (4.3) can be regarded as a
matrix integral

ZCS(gs, N) =
e−

~
12
N(N2−1)

N !

∫ N∏
i=1

dui
2π

e−
1
2~

∑N
i=1 u

2
i

∏
i<j

(
2 sinh

ui − uj
2

)2

, (4.7)

where ~ = igs. This can be regarded as a deformation of the Gaussian matrix model, in which
the standard Vandermonde interaction between eigenvalues gets deformed to a sinh interaction.
This type of matrix models appears naturally in the context of localization of three-dimensional
supersymmetric field theories [80] (see [81] for a review).
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The Gopakumar–Vafa duality has a natural generalization by performing a quotient of both
sides by an ADE discrete group Γ. In the case of Γ = Zp, one finds a duality between CS theory
on the lens space L(p, 1), and topological string theory on certain CY geometries which engineer
SU(p) gauge theories. This duality has been verified in detail when p = 2 [82], see [83] for
additional verifications and generalizations.

One important aspect of these dualities is that they provide a reconstruction of perturbative
topological string theory as the 1/N expansion of a gauge/matrix model system, but without
taking a double-scaling limit, as it happens in the matrix models of non-critical strings. Double-
scaled Hermitian matrix models are often unstable, since the scaling point corresponds to a
point where the matrix model is not well-defined non-perturbatively in a straightforward way
(for example, for pure 2d gravity, the double-scaling limit in terms of a quartic matrix model
requires that the coupling of the quartic term is negative). The matrix model (4.7) is in contrast
perfectly well-defined.

However, in its current form, these Gopakumar–Vafa-like dualities apply only to special non-
compact CY geometries. We will now consider a different duality that holds conjecturally for any
toric CY: the topological string/spectral theory (TS/ST) correspondence. In this correspondence,
the dual of the string theory is not a field theory, but a one-dimensional quantum-mechanical
model. We will end up however with matrix model representations for the topological string
partition function, similar to (4.7). These matrix models will involve the usual ’t Hooft limit,
without double-scaling, and will be stable due to a remarkable property of the underlying quan-
tum mechanics.

4.2 Quantum mirror curves and non-perturbative partition functions

The TS/ST correspondence was originally triggered by the observation that the genus zero free
energy of a local CY manifold looks like a leading order WKB computation for a quantum system
whose classical phase space is defined by the mirror curve (2.33). This suggests that the higher
genus corrections might be understood as the result of an appropriate quantization of this curve
[5].

What does “quantization of the curve” means? Since the natural Liouville form on the phase
space (2.33) is (2.34), the natural way to to proceed is to promote x, y to canonically conjugate
Heisenberg operators x, y, satisfying the commutation relation

[x, y] = i~. (4.8)

Since mirror curves involve exponentiated variables, one has to consider the so-called Weyl op-
erators eax, eby obtained by exponentiation of Heisenberg operators. The equation for a mirror
curve is a linear combination of terms of the form exp(ax + by), and as it is well-known the
quantization of such a term suffers from ordering ambiguities. These can however be fixed fixed
by using Weyl’s prescription,

eax+by → eax+by. (4.9)

We can therefore try to promote the equation of the curve to an operator, but this is in principle
ill-defined since the equation is invariant under multiplication by exp(λx+µy), with λ, µ arbitrary.
To fix this new ambiguity, we have to write the curve in a canonical form, which in the case of
mirror curves of genus one is given by

PX(ex, ey) =
∑
j

cje
ajx+bjy + κ = 0, (4.10)
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where κ is the modulus. This is the form that we have used in e.g. (2.45). We now define the
operator associated to the toric CY by

OX =
∑
j

cje
ajx+bjy. (4.11)

For example, in the case of local P2, we simply obtain

OP2 = ex + ey + e−x−y. (4.12)

(A small comment on notation: when the toric CY is the canonical bundle of a complex surface
S, we will denote OS instead of OX). Another frequently used example is local F0. The resulting
operator in this case is

OF0 = ex + ξe−x + ey + e−y, (4.13)

where ξ is a “mass parameter” of the CY, in principle complex. Let us point out that, In the case
of mirror curves of genus gΣ, there are gΣ different operators associated to gΣ different canonical
forms of the curve, see [84] for a detailed explanation.

What kind of operators are the OX? First of all, since the momentum operator is exponen-
tiated, it acts as a translation operator on wavefunctions,

eayψ(x) = ψ(x− ai~). (4.14)

Therefore, the operators above are functional-difference operators. Next, we will regard these
operators as acting on the Hilbert space H = L2(R). Their domain consists of functions in H
which can be extended to a strip R× [−L,L] in the complex plane, and in such a way that they
remain square integrable along the lines R + iy, y ∈ [−L,L]. The value of L depends on the
operator.

Once we have defined these operators on a Hilbert space, we can ask all the usual questions
that we ask in quantum mechanics. Are they actually self-adjoint? If yes, what are their spectral
properties? It turns out that, provided some obvious conditions are imposed on the values of
the parameters, the operators obtained from mirror curves are self-adjoint and have a discrete
spectrum (in the case of the operator (4.13), the condition on the parameter is ξ > 0.) The
discreteness of the spectrum was first shown numerically in [85], and then it was proved in
[86–88] as a consequence of a stronger result. Namely, it was shown that the inverse operator

ρX = O−1
X (4.15)

exists and is of trace class, i.e. it satisfies

Tr ρX <∞. (4.16)

This implies that the spectrum of ρX is discrete, with an accumulation point at the origin. It
follows that the spectrum of OX is also discrete.

Exercise 4.1. Use numerical techniques to calculate the spectrum of (4.12) for various values of
~. Show in particular that, for ~ = 2π, if we write the spectrum as eEn , n = 0, 1, · · · , one finds,
for the very first levels, the table 1.
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n En
0 2.56264206862381937
1 3.91821318829983977
2 4.91178982376733606
3 5.73573703542155946
4 6.45535922844299896

Table 1. Numerical spectrum of the operator (4.12) for n = 0, 1, · · · , 4, and ~ = 2π.

Remark 4.2. Although we also use the expression “quantum curve,” our approach is very
different from the one used by practicioners of topological recursion and explained in the courses
by V. Bouchard and K. Iwaki. In that approach, one has a formal (wave)function, written as
a perturbative series in ~, and looks for a formal differential operator which annihilates it. In
particular, there is no notion of Hilbert space. In our approach, in contrast, the operator is
given from the very beginning by the standard Weyl quantization of the mirror curve, and it is
defined on the Hilbert space H = L2(R). The spectrum and eigenfunctions are well-defined for
~ > 0, and one then looks for the relation between these non-perturbative data and the geometric
content of the topological string.

Trace class operators are in many ways the best possible operators in spectral theory. One
can show [89] that, if an operator ρX is trace class, the traces of ρnX are all finite, for n ∈ Z>0,
and in addition that the Fredholm or spectral determinant

ΞX = det (1 + κρX) (4.17)

is an entire function of κ. The Fredholm determinant can be regarded as an infinite-dimensional
generalization of the characteristic polynomial of a Hermitian matrix. Just as the zeroes of the
characteristic polynomial give the eigenvalues of the matrix, the spectrum of the operator ρX
can be read from the zeroes of the Fredholm determinant: if we denote by e−En the eigenvalues
of ρX , n ∈ Z≥0, the Fredholm determinant vanishes at

κ = −eEn . (4.18)

In addition, there is an infinite-dimensional version of the factorization of a characteristic poly-
nomial, and the Fredholm determinant (4.17) has the infinite product representation [89]

ΞX(κ, ~) =

∞∏
n=0

(
1 + κe−En

)
. (4.19)

It is easy to see that we can identify κ with the modulus of the CY appearing in (4.10).
Since the Fredholm determinant is an entire function, it has a convergent power series ex-

pansion around κ = 0, of the form

ΞX(κ, ~) = 1 +
∞∑
N=1

ZX(N, ~)κN . (4.20)

We will refer to the coefficients ZS(N, ~) as fermionic spectral traces. They can be defined as
[89]

ZX(N, ~) = Tr
(
ΛN (ρX)

)
, N = 1, 2, · · · (4.21)
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In this expression, the operator ΛN (ρX) is defined by ρ⊗NX acting on ΛN
(
L2(R)

)
. They can be

also obtained from the more conventional, “bosonic” traces Trρ`X , since one has

log ΞX(κ, ~) = −
∞∑
`=1

(−κ)`

`
Trρ`X . (4.22)

Exercise 4.3. Let us consider the spectrum λn = n−2, n = 1, 2, · · · . This can be realized for
example as minus the spectrum of the inverse Laplacian on the circle, after removing the zero
mode. Show that the corresponding Fredholm determinant is given by [90]

Ξ(κ) =
∞∏
n=1

(
1 +

κ

n2

)
=

sinh
(
πκ1/2

)
πκ1/2

, (4.23)

while the bosonic traces are ζ(2`), ` = 1, 2, · · · .

One of the main results of [11, 12, 84] is that the fermionic spectral traces ZX(N, ~) are
non-perturbative completions of the total topological string free energy in the conifold frame.
More precisely, we have the following

Conjecture 4.4. Let us consider the ’t Hooft limit

N →∞, ~→∞, N

~
fixed. (4.24)

Then, ZX(N, ~) has conjecturally an asymptotic expansion of the form

log ZX(N, ~) ∼
∑
g≥0

F cg (λ)g2g−2
s . (4.25)

The relation between the parameters in the two sides the following. The string coupling constant
is related to ~ by

gs =
4π2

~
. (4.26)

F cg (λ) is the genus g free energy of X in the conifold frame, and the ’t Hooft parameter

λ = Ngs (4.27)

is identified with the canonically normalized conifold coordinate.

Let us make some comments on this conjecture. First of all, we note that the limit (4.24) is
indeed very similar to the ’t Hooft limit (4.1) that we introduced in the case of the Gopakumar–
Vafa duality. An interesting point is that, as shown in (4.26), the coupling constant is essentially
the inverse of ~. Therefore, the weakly coupled limit of the topological string corresponds to
the strong coupling limit of the quantum mechanical problem. When the quantization of mirror
curves was initially proposed in [5], it was hoped that the topological string would emerge in the
weak coupling limit, but it was later realized that this limit corresponds to the NS topological
string mentioned in section 3.3. The emergence of the conventional topological string in the
strong coupling limit was observed in a different line of work on localization and ABJM theory
[91–94]. We should also note in this respect that, for the operators in exponentiated variables
appearing in the TS/ST correspondence, there is a conjectural strong-weak coupling duality in
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~ [95], and the strong coupling limit of the spectrum ~→∞ can be related to the weak coupling
limit ~→ 0. This is expected to be related to the modular duality for Weyl operators noted by
Faddeev in [44].

The conjecture (4.25) also suggests that ZX(N, ~) plays the rôle of a partition function in a
quantum field theory, where N is the rank. Although there is no explicit realization of such a
quantum field theory for the moment being, in concrete examples one can relate the fermionic
spectral traces to matrix integrals. Indeed, a theorem of Fredholm asserts that, if ρX(pi, pj) is
the kernel of ρX , the fermionic spectral trace can be computed as an N -dimensional integral,

ZX(N, ~) =
1

N !

∫
det (ρX(pi, pj)) dNp. (4.28)

In cases where the kernel ρX can be computed explicitly, the above integral can be written as
an eigenvalue integral, and analyzed with matrix model techniques [12, 87, 96], as we will see in
examples in the next section.

Remark 4.5. Physically, (4.28) can be interpreted as the canonical partition function of a non-
interacting Fermi gas described by the one-body density matrix ρX . It is then natural to define
the Hamiltonian HX of such a system by ρX = e−HX . In this picture, the Fredholm determinant
ΞX(κ) is the grand-canonical partition function of the Fermi gas, and κ = eµ is the exponent of
the fugacity in the grand-canonical ensemble. This is somewhat similar to the Fermi picture of
matrix models discussed in C. Johnson’s lectures.

The conjecture (4.25) is in fact a consequence of a stronger conjecture formulated in [11].
This conjecture gives an exact expression for ZX(N, ~) and for the Fredholm determinant ΞX(κ)
in terms of the GV free energy and additional enumerative information, see e.g. [97] for a review.

4.3 Local P2, non-perturbatively

The conjecture (4.25) seems difficult to prove, since it relates a quantum mechanical model at
strong coupling (i.e. for ~→∞) to topological string theory on a toric CY theefold. It is however
a falsifiable statement, i.e. we can calculate both sides of the conjecture and check whether they
are equal or not. So far all tests have been successful. Many of these tests involve the stronger
form of the conjecture mentioned above, and they are typically numerical, since it is easier to
calculate the fermionic spectral traces numerically for low values of N , than to compute their
asymptotic behavior in the ’t Hooft limit. In some cases, however, it is also possible to calculate
this asymptotic expansion explicitly. We will now consider the spectral theory associated to local
P2, where many explicit results can be obtained.

The starting point of this analysis is the fact that, for some mirror curves, the integral kernel
of the operator ρX can be explicitly and exactly computed.

Remark 4.6. This is remarkable since I don’t know of any other trace class operator in one-
dimensional quantum mechanics where this can be done. For example, the monic potentials

H` = y2 + x2`, ` ≥ 2 (4.29)

have been extensively studied and their inverses are of trace class, but no exact expression is
known for the integral kernel of H−1

` .

Let us consider the following family of operators:

Om,n = ex + ey + e−mx−ny, m, n ∈ R>0. (4.30)
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They were called three-term operators in [86]. Note that the case m = n = 1 corresponds to
local P2 (the case with arbitrary positive integers m,n corresponds to the toric CY given by the
canonical bundle on the weighted projective space P(1,m, n)). We now define the function

Ψa,c(x) =
e2πax

Φb(x− i(a+ c))
, (4.31)

involving Faddeev’s quantum dilogarithm, where a, c are positive real numbers. Let us now
introduce normalized Heisenberg operators q, p, satisfying the normalized commutation relation

[p, q] = (2πi)−1. (4.32)

They are related to x, y by the linear canonical transformation,

x = 2πb
(n+ 1)p + nq

m+ n+ 1
, y = −2πb

mp + (m+ 1)q

m+ n+ 1
. (4.33)

In particular, ~ is related to b by

~ =
2πb2

m+ n+ 1
. (4.34)

It was proved in [86] that, in the momentum representation associated to p, the integral kernel
of the operator ρm,n can be written explicitly in terms of the function (4.31). It reads,

ρm,n(p, p′) =
Ψa,c(p) Ψa,c(p

′)

2b cosh
(
π p−p

′+i(a+c−nc)
b

) . (4.35)

In this equation, a, c are given by

a =
mb

2(m+ n+ 1)
, c =

b

2(m+ n+ 1)
. (4.36)

As we will see in the following exercises, this results allows for many explicit calculations.

Exercise 4.7. In this exercise you are asked to use the explicit formula (4.35) to calculate the
first trace of ρm,n, given by

Trρm,n =

∫
R
ρm,n(p, p)dp. (4.37)

First note that, by using the property (B.8), one can write

|Ψa,c(p)|2 = e4πapΦb(p+ i(a+ c))

Φb(p− i(a+ c))
, (4.38)

therefore

ρm,n(p, p) =
Φb(p+ i(a+ c))

Φb(p− i(a+ c))

e4πap

2b cos
(
π a+c−nc

b

) . (4.39)

The first trace can be computed explicitly for arbitrary values of m,n and ~, by using properties
of Faddeev’s quantum dilogarithm, as shown in [86]. For this exercise we will consider the case

~ = 2π. (4.40)

– 33 –



This is a special value of ~ where the theory of quantum mirror curves simplifies very much, as
shown in [11]. We will also take n = 1 and m an arbitrary positive integer. For these values we
have

b2 = m+ 2, (4.41)

and

a+ c =
1

2

(
b− b−1

)
. (4.42)

Show, by using the properties (B.9a), (B.9b), that

Φb

(
p+ i

2

(
b− b−1

))
Φb

(
p− i

2 (b− b−1)
) =

1− e2πb−1p

1− e2πbp
. (4.43)

Deduce the following expression:

Trρm,1 =
1

2π cos
(

πm
2(m+2)

) ∫
R

e(m−1)y sinh(y)

sinh((m+ 2)y
dy, (4.44)

where y = πp/b. The integral can be evaluated e.g. by residues, and one concludes that [86]

Trρm,1 (~ = 2π) =
1

4(m+ 2) sin
(

π
m+2

)
sin
(

2π
m+2

) . (4.45)

In particular, for m = 1, which corresponds to local P2, one finds

Trρ1,1 (~ = 2π) =
1

9
. (4.46)

Exercise 4.8. C. Johnson explained in his lectures how to compute Fredholm determinants
numerically with the approach of [98]. That method requires an explicit knowledge of the kernel,
which for three-term operators is given by (4.35). In the previous exercise we showed that the
diagonal kernel ρm,1(p, p) simplifies for ~ = 2π. We can in fact simplify the whole kernel by using
a similarity transformation [99],

ρX(p, p′)→ h(p)ρX(p, p′)(h(p′))−1. (4.47)

Such a transformation does not change the value of the traces of ρnX , nor the spectral determinant.
In the case of ρm,n(p, p′), we take

h(p) =

√
Ψa,c(p)

Ψa,c(p)
. (4.48)

Show that, for ~ = 2π, and after the similarity transformation, we can write

ρ1,1(y, y′) =
1

2π

√
sinh(y)

sinh(3y)

1

cosh
(
y − y′ + iπ

6

)√ sinh(y′)

sinh(3y′)
(4.49)

in terms of the variable y appearing in (4.44). Implement the algorithm of [98] to calculate ΞP2(κ)
numerically, and use this result to obtain the very first energy levels. As an example of what
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Figure 5. A numerical calculation of the Fredholm determinant ΞP2(κ) for local P2.

you should find, in Fig. 5 I plot a numerical calculation of ΞP2(κ), obtained as follows. First, I
use a Gauss–Kronrod quadrature or order 50 to calculate the Fredholm determinant. I do this
calculation for 150 values of κ in the interval [−150, 10], and I construct an interpolating function.
The zeroes of this interpolating function are approximately at −12.97004, −50.3105 and −135.882
(rounded numerical values), in good agreement with the result in table Fig. 1. Note that the
plot in Fig. 5 is indistinguishable from the plot of the same quantity that appears in [97]. The
latter was obtained by using the conjecture of [11], which expresses the Fredholm determinant
as a “quantum theta function.” The fact that they agree so precisely (within numerical errors)
is an explicit test of the TS/ST correspondence.

By using the explicit expression for the integral kernel of ρm,n one can write down an explicit
expression for the integral (4.28), which we will denote in this case as Zm,n(N, ~). As in [92, 100],
we use Cauchy’s identity:∏

i<j

[
2 sinh

(
µi−µj

2

)] [
2 sinh

(
νi−νj

2

)]
∏
i,j 2 cosh

(
µi−νj

2

) = detij
1

2 cosh
(
µi−νj

2

)
=
∑
σ∈SN

(−1)ε(σ)
∏
i

1

2 cosh
(
µi−νσ(i)

2

) . (4.50)

One finds then,

Zm,n(N, ~) =
1

N !

∫
RN

dNp

bN

N∏
i=1

|Ψa,c(pi)|2
∏
i<j 4 sinh

(
π
b (pi − pj)

)2∏
i,j 2 cosh

(
π
b (pi − pj) + iπCm,n

) , (4.51)

where

Cm,n =
m− n+ 1

2(m+ n+ 1)
. (4.52)

Remark 4.9. The above integral is real, since the kernel (4.35) is Hermitian. More importantly,
it is also absolutely convergent for ~ > 0, due to the trace class property. Therefore, this
property guarantees that the fermionic spectral trace, and its matrix model realization, provides
a well-defined non-perturbative completion of the topological string partition function. This
is in contrast to doubly-scaled matrix models of two-dimensional gravity, which are often ill-
defined non-perturbatively, at least with the standard choice of integration contours. In the
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TS/ST correspondence, instabilities seem to appear only for some special ranges of the mass
parameters, and they can be easily understood by using non–Hermitian extensions of quantum
mechanics (see e.g. [101]).

In order to test the conjecture (4.25) we have to study the matrix integral (4.51) in the ’t
Hooft limit (4.24), therefore we should understand what happens to the integrand of (4.51) when
~ (or equivalently b) is large. To do this, we first change variables to

ui =
2π

b
pi, (4.53)

and we introduce the parameter

g =
1

~
=
m+ n+ 1

2π

1

b2
, (4.54)

so that the the weak coupling regime of g is the strong coupling regime of ~. In general quantum-
mechanical models, this regime is difficult to understand, but in this case we can use the crucial
property of self-duality of Faddeev’s quantum dilogarithm,

Φb(x) = Φ1/b(x). (4.55)

Then, by using (4.38), we can write

|Ψa,c(p)|2 = exp

(
mu

2πg

)
Φ1/b

(
(u+ 2πi(a+ c)/b) /2πb−1

)
Φ1/b ((u− 2πi(a+ c)/b) /2πb−1)

, (4.56)

where u and p are related through (4.53). When b is large, 1/b is small and we can use the
asymptotic expansion (B.10). We define the potential of the matrix model as,

Vm,n(u, g) = −g log |Ψa,c(p)|2, (4.57)

where u and p are related as in (4.53). By using (B.10), we deduce that this potential has an
asymptotic expansion at small g, of the form

Vm,n(u, g) =
∑
`≥0

g2`V (`)
m,n(u). (4.58)

The leading contribution as g→ 0 is given by the “classical” potential,

V (0)
m,n(u) = −m

2π
u− m+ n+ 1

2π2
Im
(

Li2

(
−eu+πi m+1

m+n+1

))
. (4.59)

Exercise 4.10. By using the asymptotics of the dilogarithm,

Li2(−ex) ≈
{
−x2/2, x→∞,
−ex, x→ −∞,

(4.60)

show that

V (0)
m,n(u) ≈

{
u
2π , u→∞,
−m

2πu, u→ −∞,
(4.61)

i.e. it is a linearly confining potential. This is similar to the potentials appearing in matrix
models for Chern–Simons–matter theories (see e.g. [92]).
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We can now write the matrix integral as

Zm,n(N, ~) =
1

N !

∫
RN

dNu

(2π)N

N∏
i=1

e
− 1

g
Vm,n(ui,g)

∏
i<j 4 sinh

(
ui−uj

2

)2

∏
i,j 2 cosh

(
ui−uj

2 + iπCm,n

) . (4.62)

This expression is very similar to matrix models that have been studied before in the literature.
The interaction between eigenvalues is similar to the matrix model (4.7) which appears in the
Gopakumar–Vafa duality, and is identical to the one appearing in the generalized O(2) models of
[102], and in some matrix models for Chern–Simons–matter theories studied in for example [100].
The parameter g corresponds to the string coupling constant, but in contrast to conventional
matrix models, the potential depends itself on g.

The above expression is perfectly suited to study the ’t Hooft limit. One can use e.g. saddle-
point techniques to solve for the leading behavior in the 1/N expansion or planar limit. This
limit is described by the so-called planar resolvent and density of eigenvalues, and from this
one can compute the genus zero free energy F c0 (λ). In this limit, only the classical part of the
potential (4.59) has to be taken into account. The resolvent for the local P2 matrix model, given
by (4.62) with m = n = 1) was first conjectured in [103]. This conjecture was later proved in
a tour de force calculation in [96], by extending the techniques of [102]. Let us introduce the
exponentiated variable

X = eu (4.63)

where u is the variable appearing in (4.62). Then, the spectral curve describing the planar limit
of the matrix model is given by

X3 + Y −3 + κXY −1 + 1 = 0, (4.64)

which can be easily seen to be a reparametrization of the classical mirror curve (2.45). As it
is standard in the study of the planar limit, the density of eigenvalues can be written as the
discontinuity of the so-called planar resolvent [104], see [78, 105] for a review (this was also
mentioned in C. Johnson’s lectures)

ρ(u) =
1

2πi
(ω(X − i0)− ω(X + i0)) , (4.65)

where in this case

ω(X) =
3i

π

log Y (X)

X
. (4.66)

(The actual planar resolvent has an additional piece, but it does not contribute to the density
of eigenvalues). The density ρ(u) is a symmetric one-cut distribution, and the end-points of the
cut can be found from the branch cuts of the spectral curve. They are given by ±a, where

a = −1

3
log

(
− 2

27
κ3 − 1− 2

27

√
κ6 + 27κ3

)
, (4.67)

and we are assuming that −∞ < κ < −3 which corresponds to the region −1/27 < z < 0. One
way of testing the result above for ρ(u) is to consider a finite but large number N of “typical
eigenvalues” and see how they distribute along a histogram. This distribution should approximate
the density of eigenvalues ρ(u) as N grows large. In the lectures of C. Johnson you obtained such
a distribution in the case of the Gaussian matrix model by generating a random matrix with
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Figure 6. This figure shows a histogram of the equilibrium eigenvalues of the local P2 matrix model, for
N = 600 and κ = −70, together with the density of eigenvalues ρ(u) (the black line).

Gaussian weight, and then calculating their eigenvalues. Here the probability distribution is not
Gaussian, and we will obtain the distribution in a different way, as follows. Let us consider an
eigenvalue integral of the form

Z(N) =

∫ N∏
i=1

e−
∑N
i=1 υ(xi)

∏
i<j

I(xi − xj). (4.68)

The saddle point at finite N is the configuration x1, · · · , xN that minimizes the “effective action”

S(x1, · · · , xN ) =

N∑
i=1

υ(xi)−
∑
i<j

log I(xi − xj). (4.69)

This action can be regarded as a generalization of the Dyson gas. In the limit of large N the
minimization is described by the eigenvalue distribution ρ(x), but the minimization problem can
be solved for any finite N , under appropriate conditions. We will call the x1, · · · , xN minimizing
(4.69) the equilibrium eigenvalues1. To find these eigenvalues in the case of (4.62) we use only the
classical potential (4.59). In Fig. 6 we show both, the histogram for the equilibrium eigenvalues
obtained from the matrix model for local P2 with N = 600 and κ = −70, and the density of
eigenvalues ρ(u) obtained from (4.65), (4.66). The latter provides an excellent approximation to
the former.

The calculation of the subleading terms of the 1/N expansion is complicated. Ideally, one
would like to show that the matrix integral (4.62) satisfies topological recursion, and together
with the remodeling conjecture of [9] (which is now a theorem), one would have a proof of the
conjecture (4.25) for local P2 and some other cases. This has not been achieved so far. However,
it is still possible to test the conjecture (4.25) by calculating the matrix integral in a perturbative
expansion in g, at fixed N . This can be used to obtain the expansion of F cg (λ) around λ = 0, as
shown in detail [12], and it can be verified that the result agrees with (2.61), (2.62).

1This procedure is different from the one discussed in C. Johnson’s lectures. He looks at realizations of a random
Gaussian distribution at finite N , and different realizations lead to different lists of eigenvalues. Since the large N
limit implements at the same time a classical and a thermodynamic limit, his calculation takes into account both
quantum and finite size effects at finite N . In my calculation I consider already the classical limit of the problem,
described by the generalized Dyson gas (4.69), and therefore by working at finite N I take into account only finite
size effects. Of course, as N becomes large, both calculations converge to the same probability distribution.
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The discussion above makes it clear that the conjecture (4.25) can be regarded as an explicit
realization of “quantum geometry,” in which the spacetime geometry of the toric CY, together
with its “stringy” corrections (given by embedded Rieman surfaces) emerges from a simple quan-
tum mechanical model on the real line. As in other string/gauge theory dualities of the ’t Hooft
type, in the quantum model the CY modulus λ is “quantized” in units of the string coupling
constant. We can also think about the geometry of the CY as emerging from the eigenvalue
integral (4.28) in the ’t Hooft limit. This limit is encoded in a spectral curve, which is nothing
but the mirror curve we started with. Here we have seen how this works in the explicit example of
local P2, and one can also work out the case of local F0 [96, 103]. We expect however this picture
to hold for general toric manifolds, namely the ’t Hooft limit of the spectral traces should be
described by a spectral curve given by the mirror curve. Higher order corrections to the spectral
trace in the 1/N expansion should be governed by the topological recursion.

We have provided a non-perturbative definition of topological string theory on toric CY man-
ifolds in terms of simple quantum-mechanical models. The reader could ask why is this definition
special. Certainly, non-perturbative definitions are not unique, and the TS/ST correspondence
has not been justified so far as a full-fledged string/gauge theory duality. One can argue how-
ever that this non-perturbative definition is mathematically very rich and non-trivial. It leads
to remarkable conjectures on the exact spectrum of quantum mirror curves, and by using the
formulation of [95] it also leads to exact quantization conditions [106, 107] for cluster integrable
systems associated to toric CY manifolds [7]. It makes remarkable predictions on the classical
problem of evaluating CY periods at the conifold point, and these predictions have been verified
in many cases with sophisticated tools in algebraic geometry [108–110]. Finally, there is a very
interesting limit of the conjecture (4.25) which makes contact with N = 2 gauge theories in four
dimensions [111–113]. For example, one can take as a starting point (4.25) as applied to local F0

and deduce from there that the matrix model

Z(N ; gs) =
1

N !

∫
dNx

(2π)N

N∏
i=1

e
− 4
gs

cosh(xi)
∏
i<j

tanh2

(
xi − xj

2

)
(4.70)

has an asymptotic expansion

log Z(N ; gs) ∼
∑
g≥0

Fg(t)g2g−2
s , (4.71)

where Fg(t) are the SW free energies in the magnetic frame discussed in section 3.3. This last
statement can be rigorously proved [111, 113], providing yet additional evidence for the TS/ST
correspondence.

As a final comment, one should ask what is the relation between the contents of this sec-
tion and the resurgent story explained in section 3. Resurgence suggests that the asymptotic
expansion (4.25) can be promoted to an exact formula for the fermionic spectral traces, by using
(lateral) Borel resummation and including perhaps trans-series. This formula should read,

log ZX(N, ~) = s± (F cX) (N, ~) + · · · (4.72)

where F c is the perturbative topological string series, and the dots in the r.h.s. represent possible
additional trans-series. Optimistically, these trans-series are the ones appearing in the resurgent
structure unveiled in section 3. This issue was addressed in [114] in the case of local P2. That work
established without any reasonable doubt that the exact fermionic spectral traces are different
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from the Borel resummation of just the perturbative series. For example, when N = 1 and
~ = 2π, the Borel resummation gives

s± (F c) (1, 2π) = −2.197217... (4.73)

while the exact result was obtained in (4.46),

logZP2(1, 2π) = − log(9) = −2.197224... (4.74)

Therefore, additional trans-series are clearly needed. Some numerical evidence was given in [114]
that the trans-series appearing in the resurgent structure can provide the required corrections,
but more work should be done in order to understand the non-perturbative effects implicit in
the TS/ST correspondence.
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A A short review of resurgence

In this section we will review some of the results in resurgence which we will need. I will be brief
since I. Aniceto has covered the topic in this school. A wonderful introduction to the subject
can be found in [115]. More formal developments can be studied in [116, 117]. A more physical
perspective can be found in [105, 118, 119].

Let

ϕ(z) =
∑
n≥0

anz
n (A.1)

be a factorially divergent, formal power series in z, i.e. an ∼ n! (such series are also called
Gevrey-1). Its Borel transform is given by

ϕ̂(ζ) =
∑
n≥0

an
ζn

n!
. (A.2)

Remark A.1. Sometimes it is more convenient to use a different version of the Borel transform
(used e.g. in [105, 117]), and given by

ϕ̃(ζ) =
∑
n≥1

an
ζn−1

(n− 1)!
. (A.3)

It is related to the previous definition by

ϕ̃(ζ) =
dϕ̂(ζ)

dζ
. (A.4)
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We recall that a resurgent function is a Gevrey-1 series ϕ(z) whose Borel transform has
the following property: on any line issuing from the origin, there is a finite set of points (the
singularities of the Borel transform) such that ϕ̂(ζ) may be continued analytically along any
path that follows the line, while circumventing (from above or from below) those singular points.
A resurgent function is simple if the singularities of its Borel transform are simple poles or
logarithmic branch cuts.

In the following we will assume that our series are resurgent functions. In the case of the
topological string, everything indicates that the only singularities are logarithmic we therefore
in the following we will mostly focus on simple resurgent functions.

If ϕ̂(ζ) is simple and it has a singularity at ζ = ζω, its local expansion there is of the form

ϕ̂(ζω + ξ) = − S

2π

aξ + log(ξ)
∑
n≥0

ĉnξ
n

+ regular, (A.5)

where the series ∑
n≥0

ĉnξ
n (A.6)

has a finite radius of convergence. We note that we might want to make specific choices of
normalization for the coefficients a, cn, and that’s why we have introduced an additional (in
general complex) number S in (A.5), which is called a Stokes constant. We can now associate to
the expansion around the singularity (A.5) the following factorially divergent series

ϕω(z) =
a

z
+
∑
n≥0

cnz
n, cn = n!ĉn. (A.7)

Therefore, given a formal power series ϕ(z), the expansion of its Borel transform around its
singularities generates additional formal power series:

ϕ(z)→ {ϕω(z)}ω∈Ω, (A.8)

where Ω labels the set of singular points. We will call the set of functions ϕω(z), together with
their Stokes constants Sω, the resurgent structure associated to the original series ϕ(z).

A basic result of resurgence is that the new series ϕω(z) “resurge” in the original series
through the behavior of the coefficients ak when k is large. Let ϕ(z) be a simple resurgent
function, and Let A be the singularity of the Borel transform which is closest to the origin in the
complex ζ plane (we will assume for simplicity that there is only one, although the generalization
is straightforward). Let the behavior near this singularity be as in (A.5), with ζω = A. Then,
the coefficients ak have the following asymptotic behavior,

ak ∼
Sa

2π
A−k−1Γ(k + 1) +

S

2π

∑
n≥0

A−k+ncnΓ(k − n), k � 1. (A.9)

To understand this formula better, it is convenient to write explicitly the very first terms:

ak ∼
Sa

2π
A−k−1Γ(k+ 1) +

S

2π
A−kΓ(k)

{
c0 +

c1A

k − 1
+

c2A
2

(k − 1)(k − 2)
+ · · ·

}
, k � 1. (A.10)

The first factor in the r.h.s. gives the leading factorial asymptotics, while the second factor gives
a series of corrections in 1/k to the leading factorial behavior. These corrections involve the
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coefficients a, cn of the power series obtained in (A.7). One can use this asymptotic formula in
two ways: as a procedure to extract the numbers A, a, cn, S from the knowledge of the series
ak, of conversely, as a way to obtain the large order asymptotics of these coefficients once these
numbers are known.

A very convenient way to encode the information in the singularities is through the notion
of Stokes automorphism. Let us start with some definitions.

Let ζω be a singularity of ϕ̂(ζ). A ray in the Borel plane which starts at the origin and
passes through ζω is called a Stokes ray. It is of the form eiθR+, where θ = arg(ζω). Note that
a Stokes ray might pass through many singularities. A typical situation is that we have a ray of
singularities of the form `A, where ` ∈ Z>0.

Let ϕ(z) a Gevrey-1 formal power series series, z ∈ C, and θ = arg z. If ϕ̂(ζ) analytically
continues to an L1-analytic function along the ray Cθ := eiθR+ we define its Laplace transform
by

s(ϕ)(z) =

∫ ∞
0

ϕ̂(zζ)e−ζdζ =
1

z

∫
Cθ
ϕ̂(ζ)e−ζ/zdζ. (A.11)

The function s(ϕ)(z) is often called the Borel resummation of the formal power series ϕ(z).
Let us first note that, if s(ϕ)(z) exists, its asymptotic behavior for small z can be obtained

by expanding the integrand and integrating term by term:

s(ϕ)(z) ∼
∑
n≥0

anz
n. (A.12)

This is the formal power series that we started with. Therefore, if we are lucky, Borel resummation
produces an actual function which reproduces the original series. It is then a way to “make sense”
of our original formal power series.

If we vary θ = arg z and we do not encounter singularities of ϕ̂, the function sθ(ϕ)(z) is
locally analytic. However, the Borel transform is not in principle well defined when z lies on a
Stokes ray, i.e. when θ = arg(z) is the argument of a singularity of the Borel transform. In fact,
as z crosses a Stokes ray, the Borel resummation has a discontinuity. To define this discontinuity
more precisely, we introduce lateral Borel resummations.

Let ϕ(z) be a resurgent function, and let Cθ± be contours starting at the origin and going
slightly above (respectively, below) the Stokes ray, in such a way that Cθ+ − Cθ− is a clockwise
contour. Then, the lateral Borel resummations of ϕ(z) are defined as

s±(ϕ)(z) =
1

z

∫
Cθ±
ϕ̂(ζ)e−ζ/zdζ. (A.13)

The discontinuity is then defined by

disc(ϕ)(z) = s+(ϕ)(z)− s−(ϕ)(z). (A.14)

Note that, since s±(ϕ)(z) have the same asymptotics for small z, given in (A.12), the discontinuity
must be invisible as an asymptotic expansion. As we will now see, this difference is exponentially
small and closely related to the local structure of the Borel transform. Indeed, let us assume that
ϕ(z) is a simple resurgent function, with a sequence of isolated logarithmic singularities ζω in the
Stokes ray, where ω ∈ Ω. The difference between the two contours Cθ+−Cθ− can be deformed into
a sum of Hankel-like contours γω around the logarithmic branch cuts. We then have, for each ω,∮

γω

ϕ̂(ζ)e−ζ/zdζ = −e−ζω/z

2π

∫
Cθ−

(log(ξ)− log(ξ)− 2πi) ϕ̂ω(ξ)e−ξ/zdξ, (A.15)
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Figure 7. Contour deformation in the calculation of the discontinuity.

where in the first line we have written ζ = ζω + ξ. Therefore

s+(ϕ)(z)− s−(ϕ)(z) =
1

z

∑
ω∈Ω

∮
γω

ϕ̂(ζ)e−ζ/zdζ = i
∑
ω∈Ω

e−ζω/z

z

∫
Cθ−
ϕ̂ω(ξ)e−ξ/zdξ

= i
∑
ω∈Ω

e−ζω/zs−(ϕω)(z).

(A.16)

If the simple resurgent function has in addition pole singularities, the pole in (A.5) gives a
contribution

i
aω
z

(A.17)

to the discontinuity, and the formula (A.16) still holds with the definition (A.7).
The expression (A.16) involves (possible infinite) sums of the series ϕω(z) with an exponen-

tially small prefactor e−ζω/z. These objects are called trans-series. More formally, let ϕω(z) be
resurgent functions. A trans-series is a (possibly infinite) formal linear combination of formal
power series

Φ(z;C) =
∑
ω

Cωe−ζω/zϕω(z), (A.18)

where C = (Cω1 , · · · ) is a (possibly infinite) vector of complex numbers.
The result (A.16) involves Borel resummed trans-series, but it is useful to rewrite it as

a relation between formal trans-series themselves. If we regard lateral Borel resummations as
operators, we introduce the Stokes automorphism along the ray Cθ, Sθ, as

s+ = s−Sθ. (A.19)

Then, we can write (A.16) as

Sθ(ϕ) = ϕ+ i
∑
ω∈Ω

Sωe−ζω/zϕω(z). (A.20)

Let us note that, when we use the definition of Borel transform in (A.3), the Borel resum-
mation is defined by the formula

s±(ϕ)(z) = a0 +

∫
Cθ±
ϕ̃(ζ)e−ζ/zdζ. (A.21)
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This can be used to calculate the discontinuity or Stokes automorphism through a Stokes ray,
and the resulting trans-series will be independent on whether we used the first definition of Borel
transform (A.2) or the second (A.3).

We will now state a principle of semiclassical decoding.

Definition A.2. (Semiclassical decoding). Let f(z) be a function with the asymptotic expansion

f(z) ∼ ϕ(z) =
∑
n≥0

anz
n. (A.22)

We say that f(z) admits a semiclassical decoding if ϕ(z) can be promoted to a trans-series
Φ(z;C), which is lateral Borel summable, and such that

f(z) = s±(Φ)(z;C±) (A.23)

for some vectors of complex constants C±.

When semiclassical decoding holds, one recovers the exact information by just considering
Borel-resummed trans-series. Conversely, we can think about resummed trans-series as building
blocks of non-perturbative answers.

The simplest situation corresponds to the case in which C = 0, there are no singularities
along the positive real axis, and the Borel resummation of the perturbative series reproduces the
exact result. This is famously the case for the perturbative series of the quartic oscillator, as we
mentioned in section 1.

B Faddeev’s quantum dilogarithm

Faddeev’s quantum dilogarithm Φb(x) is defined by [44]

Φb(x) =
(e2πb(x+cb); q)∞

(e2πb−1(x−cb); q̃)∞
, (B.1)

where

q = e2πib2 , q̃ = e−2πib−2
, Im(b2) > 0 (B.2)

and

cb =
i

2

(
b + b−1

)
. (B.3)

Explicitly, this gives

Φb(x) =
∞∏
n=0

1− e2πb(x+cb)qn

1− e2πb−1(x−cb)q̃n
. (B.4)

From this infinite product representation one deduces that Φ(x) is a meromorphic function of x
with

poles: cb + iNb + iNb−1, zeros: − cb − iNb− iNb−1 . (B.5)

An integral representation in the strip |Imz| < |Im cb| is given by

Φb(x) = exp

(∫
R+iε

e−2ixz

4 sinh(zb) sinh(zb−1)

dz

z

)
. (B.6)
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Remarkably, this function admits an extension to all values of b with b2 6∈ R≤0. A useful property
is

Φb(x) Φb(−x) = eπix
2

Φb(0)2, Φb(0) =

(
q

q̃

) 1
48

= eπi(b
2+b−2)/24. (B.7)

In addition, when b is either real or on the unit circle, we have the unitarity relation

Φb(x) =
1

Φb (x)
. (B.8)

From the product representation (B.4) it follows immediately that Faddeev’s quantum diloga-
rithm is a quasi-periodic function. Explicitly, it satisfies the equations

Φb(x+ cb + ib)

Φ(x+ cb)
=

1

1− qe2πbx
(B.9a)

Φb(x+ cb + ib−1)

Φb(x+ cb)
=

1

1− q̃−1e2πb−1x
. (B.9b)

When b is small, we can use the folllowing asymptotic expansion,

log Φb

( x

2πb

)
∼
∞∑
k=0

(
2πib2

)2k−1 B2k(1/2)

(2k)!
Li2−2k(−ex), (B.10)

where B2k(z) is the Bernoulli polynomial.
When

b2 =
M

N
(B.11)

is a rational number, Faddeev’s quantum dilogarithm can be written in terms of the conventional
dilogarithm [120]. In particular, when M = N = 1, one finds

Φ1(x) = exp

[
i

2π

(
Li2
(
e2πx

)
+ 2πx log

(
1− e2πx

))]
. (B.12)
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